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Abstract

This study proposes new instrumental variable (IV) estimators for linear models, effec-
tively utilizing a continuum of instruments. The effectiveness is attributed to the unique
weighting function employed in the minimum distance objective functions. The proposed es-
timators are robust to weak instruments and heteroscedasticity of unknown form. Moreover,
they are robust to high dimensionality of included and excluded exogenous variables. The
proposed estimators have analytical formulas, which are easily computable. Inference drawn
from these estimators is also straightforward, as their variance estimators for parameter infer-
ences are also analytical. Comprehensive Monte Carlo simulations confirm that the proposed
estimators exhibit excellent finite sample properties and outperform alternative estimators
over a wide range of cases. The new estimation procedure is applied for estimating the elas-
ticity of intertemporal substitution (EIS) in consumption, which is of central importance in
macroeconomics and finance. For quarterly data of the US from Q4 1955 to Q1 2018, the EIS
estimates obtained through our approach exceed one and are statistically significant. These
findings persist across model transformations, different sets of IVs, data structures, and data

ranges.
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1 Introduction

In econometrics, there is a significant body of literature on instrumental variable (IV) methods
that aim to address the endogeneity problem in linear models. Generally, IVs must satisfy the
exogeneity and relevance conditions, yet when the strength of instrumental relevance is weak, we
can encounter the issue of weak instruments or weak identification, which is quite pervasive in
economic applications.

Some IV estimators, like two-stage least squares (TSLS), are known to be susceptible to weak
instruments. The implications of weak instruments on TSLS are highlighted in Nelson and Startz
(1990) and Bound et al. (1995). According to Staiger and Stock (1997), the TSLS and limited
information maximum likelihood (LIML) estimators are theoretically inconsistent and converge
instead to non-standard distributions in a n~'/2 local-to-zero parametrization in the first-stage
regression, where n represents the sample size.

While the assumption that the number of instruments is fixed underpins the conclusions
of Staiger and Stock (1997), Chao and Swanson (2005) revealed that increasing the number
of instruments can improve the estimation accuracy of the LIML and bias-corrected two-stage
least square (BTSLS) estimators in the presence of weak instruments, although TSLS remains
inconsistent. Hansen et al. (2008) formulated corrected standard errors for the LIML estimator
and the Fuller (1977) (FULL) estimator in such cases. However, as pointed out by Bekker and
van der Ploeg (2005) and Hausman et al. (2012), the asymptotic consistency of LIML and FULL,
under many weak instruments asymptotics, breaks down in the presence of heteroskedasticity
of unknown form. To address this issue, Hausman et al. (2012) propose the heteroskedasticity-
robust version of the FULL (HFUL) estimator, which is based on a jackknife version of the LIML
estimator, referred to as HLIM. They demonstrate HFUL outperforms alternative estimators,
such as the jackknife IV estimators (JIVE) developed by Phillips and Hale (1977), Blomquist
and Dahlberg (1999), Angrist et al. (1999), and Ackerberg and Devereux (2009). It is worth
mentioning that the existing studies on many weak instruments originate from a large body
of literature on many instruments, such as Morimune (1983) and Bekker (1994). See also the
comprehensive survey of Anatolyev (2019).

However, determining an appropriate number of instruments for the standard many weak IV
estimators is extremely challenging in practice. In fact, even in the presence of strong instruments,

it is a delicate task to select the correct number of instruments in linear models, as highlighted in



Morimune (1983), Donald and Newey (2001), and Carrasco and Tchuente (2015), among others.
When a linear reduced form in the first regression is assumed, the asymptotic properties of the
standard many weak IV estimators crucially depend on the interplay between the number of
instruments and their strength, as demonstrated by Chao and Swanson (2005). Unfortunately,
the reduced form is totally unknown in most cases. The standard many weak IV estimators further
require that the linear combination of an increasing number of instruments should approximate
the reduced form sufficiently as the sample size goes to infinity. However, in the presence of
weak instruments, incorporating more instruments can lead to more accurate IV estimates, but
including too many can result in an increase in the bias and variance of the reduced form estimator
in finite samples, hence deteriorating the accuracy of the estimates.

In this study, by utilizing a full continuum of instruments effectively, we propose new nui-
sance parameter-free IV estimators. Therefore, they conveniently address the limitations of the
standard many weak IV estimators. Remarkably, the proposed estimators maintain analytical
formulas and have a natural jackknife form, resembling HLIM and HFUL, respectively. We label
the HLIM-like estimator as WCIV, as its objective function involves a weighted continuum of Vs,
and label the Fuller-like version of WCIV as WCIVF. We demonstrate that WCIV and WCIVF
are consistent and asymptotically normally distributed in the presence of weak instruments and
heteroskedasticity of unknown form. The inference drawn from these estimators is also straight-
forward. Comprehensive Monte Carlo simulations reveal that WCIV and WCIVF outperform
HFUL and other competitors in a wide range of cases. We use WCIV and WCIVF to estimate
the elasticity of intertemporal substitution (EIS) in consumption based on macro datasets from
the US. For the quarterly data ranging from Q4 1955 to Q1 2018, the WCIV and WCIVF esti-
mates of EIS are well above one and statistically different from zero. These findings are robust
to model transformation, different sets of IVs, different data structures and data ranges.

This study makes two main contributions. Firstly, it provides an elegant solution for es-
timating linear models with weak instruments and heteroskedasticity of unknown form, which
are defined in terms of conditional moment restrictions. In this scenario, choosing an appropri-
ate number of moments for standard many weak IV estimators is extremely challenging. The
uniqueness of our approach lies in employing a novel non-integrable weighting function in the
minimum distance objective functions formulated from the continuum of IVs. This weighting

function enjoys some attractive features. One outstanding feature is that its weighting values



in a neighborhood of the origin tend to be infinite. This is extremely important in terms of
estimation efficiency, as the sample moments generated from the continuum of IVs are most
informative in this neighborhood. Moreover, this weighting function is an increasing function
of the dimension of included and excluded exogenous variables, making estimators robust to
high-dimensionality. This feature is also important because in the presence of weak instruments,
it is advantageous to include more excluded exogenous variables to augment the instrumental
variable relevance, and include more included exogenous variables to safeguard against model
misspecification, or to approximate unobservable factors. In addition, through this weighting
function, the minimum distance objective functions and, consequently, WCIV and WCIVF enjoy
analytical forms; therefore, they are easily computable. Lastly, under this weighting function,
the objective functions are of jackknife representation, which ensures that WCIV and WCIVF
are robust to heteroskedasticity of unknown form. To the best of our knowledge, no previous
weighting function has demonstrated all the above properties simultaneously.

Secondly, the estimates of the EIS in consumption obtained by WCIV and WCIVF suggest
a resolution to a long-standing discrepancy between EIS values in many model calibrations and
those estimated via macro datasets. Previous empirical studies, such as Hall (1988), Campbell
(2003), Yogo (2004), and Ascari et al. (2021), have obtained small EIS values. On the other
hand, the EIS in consumption in many model calibrations is required to be significantly large to
accord with the stylized facts of macroeconomic dynamics.

A continuum of instruments (moments) has been utilized in consistent specification tests for
models defined by conditional moment restrictions; see Bierens (1990) and Bierens and Ploberger
(1997), among others. Similarly, a continuum of moments has been utilized in estimation proce-
dures for models defined by conditional moment restrictions, see, Dominguez and Lobato (2004)
and Hsu and Kuan (2011). These studies mainly focus on the consistent parameter estimation
of nonlinear models under minimal global identifying conditions. For linear models, Escanciano
(2018) and Antoine and Lavergne (2014) utilize a continuum of moments that is similar to the one
in this study. Their minimum distance objective functions involve integrable weighing functions.
Their IV estimators are generally inferior to or comparable to HFUL as observed in Antoine
and Lavergne (2014), and worse than WCIV and WCIVF, as demonstrated in this study. On
the other hand, Carrasco and Florens (2000) establish an estimation framework involving a con-

tinuum of moments, extending the generalized method of moments (GMM) of Hansen (1982).



In order to pursue estimation efficiency, their minimum distance objective function involves a
random weighting function (covariance operator), which is analogous to the optimal weighting
matrix in GMM. This approach depends on a regularization of the covariance operator to solve
an ill-posed problem.

The remainder of the paper is organized as follows. Section 2 introduces the model setup
and new IV estimators. We provide the simple analytical formulas for WCIV and WCIVF, the
variance estimators and, the valid Wald test statistic. Section 3 introduces the nonintegrable
weighting function, and the minimum distance objective functions. Section 4 establishes the
asymptotic theory of our proposed IV estimators. Section 5 conducts a comprehensive Monte
Carlo simulation study. Section 6 presents the application of estimating the EIS in consumption.
Section 7 concludes. The proofs are presented in the Appendix.

Throughout the paper, for a complex-valued function f (-), its complex conjugate is denoted
by f¢(-) and |f ()]* = £ () f¢(-). The scalar product of vectors T and ¢ in a Euclidean space
is denoted by (7,s). The Euclidean norm of X = (Xi,...,X,) in C is || X||, where ||X|* =
23:1 X;X§. Variables X* and X** are independent copies of X, that is, X, X** and X are
independent and identically distributed (i.i.d.). For a matrix X, X' is its transpose matrix. Let

Umin (A) denote the smallest eigenvalue of a symmetric matrix A.

2 Model Setup and New IV Estimators
Consider the following model
Yt = o + ,66Yt +éep, = 1, e,

where Y; is a p X 1 vector of regressors, which is potentially correlated with the error term ey;
6y = (ao, ,66), C R™P. The IV regression approach assumes that there exists a ¢ x 1 dimensional

vector of exogenous variables X; (excluding a constant), ¢ > p, such that, almost surely (a.s.)
E (4|X;) = 0. (1)

In this setup, Y, contains the included exogenous variables. Correspondingly, X; contains these
variables in addition to the excluded exogenous variables. Condition (1) for instrumental exo-

geneity is a conditional moment restriction that appears regularly in macroeconomic and financial



econometric models, such as log-linearized Euler equations of asset pricing models, dynamic panel
data models, and new Keynesian Phillips curves, to name a few.

With the exogeneity condition being satisfied, the formal identification of the parameter
By depends on the conditional expectation E (Yy|X;). In this context, consider two distinct

parameters (041, ,6’1)/ and (ag, ,6'2)/; they are observationally equivalent if and only if
E(y— o1 — B1YXy) = E (y: — 2 — B5Y¢[Xy)

or

(a1 —a2)+ (B, — By) E (YiX,;) = 0.

Clearly the identification strength of B directly depends on F [Y;|X,], while oy is always strongly
identified. When FE [Y,|X,] flattens to zero as the sample size increases (cf. Assumption 2 in
Section 4), the IV estimate of B, may suffer from the weak identification problem.

This study utilizes a continuum of instruments, such that
exp (i (1,X4)), for all 7 € RY.

Precisely, we employ the following continuum of unconditional moment restrictions:

E{{yt—py — Bo (Y¢ — py)] exp (i (1,Xy)) } = 0, for all 7 € R?, (2)

where p, = E (y;) and py = E(Yy). It is observed that ap is canceled out. In this study the
focus is on By. Clearly, there exists an equivalence between (1) and (2).
Although we utilize a continuum of instruments, our proposed estimators WCIV and WCIVF

enjoy convenient analytical formulas. To describe them, let Y = [Y1,..., Y], ¥ = [y1, ..., yn]',

Y=2130Y,5=25" y. Define

and

~ _ —1/
Y= -7,y —9.



Let D be a square matrix of size n and Dj;, denote the (7, k)th element of D, such that
Dj, = —|X; = Xgl|, 4,k =1,...,n.

The WCIV estimator is given as

Bwery = [3?/ (D - 5\WCIVIn) ?} - [?/ (D - 5\WCIVIn) 5’] (3)

. Y -
awerv =9 — Bwerv Y, (4)

where I, is an identity matrix of size n and

Mwery is the smallest eigenvalue of (Y’ Y)fl YDY

with Y = [S/, \?} . The WCIVF estimator is written as (3), replacing A\woryv with
P\WCIV - (1 - jchn/) C/n} / {1 - (1 - 5\WGIV) C/n} ;

where C' is a constant.
Clearly, WCIV and WCIVF resemble HLIM and HFUL, respectively, as D;; = 0 for j =

1,..,n. Recall that conventional k-class IV estimators are of the form

& . -1 .

| = [Y*’ <P _ )\In> Y*] [Y*’ <P _ /\In> y} ,

B
where Y* = [¢,Y], ¢ is the vector of ones, and P is a matrix that depends on n x m matrix
Z of instrumental variable observations with rank (Z) = m > p + 1. TSLS corresponds to

P =7 (Z'Z) ' Z', and A = 0; JIVE corresponds to P = Z (Z'Z) " Z' — diag (z VA z’) and

A = 0; LIML corresponds to P = Z (Z’ Z)f1 Z', and A equals to the smallest eigenvalue of

(Y *’Y*)_l Y*PY" with Y* = [y, Y*]; HLIM corresponds to P = Z (2'Z) " Z'—diag (Z (2'2)™" Z’),
A

equals to the smallest eigenvalue of (Y*' Y*)fl Y*PY". Finally, HFUL employs

ArFurL = [;\HLIM - (1 - 5\HLIM) C/n} / {1 - (1 - 5\HLIM) C/n]



in HLIM.
Moreover, the valid Wald test statistic for parameter inference is easily computable. Consider

testing the parametric restriction of the form

Ho : g(Bo) =0, (5)

where g (+) is a function from R? on R™ with m < p.
To describe the Wald statistic, let 8 = (a,ﬁ’)l, et (0) = yr — a — B'Yy, Y, =Y, - Y,
D (\) = D — AL, and Dji (\) denote the (j, k)th element of D ()\). Define

1 n.n no ~ ~
10,0 =35> > YiYie (0)* Dj(\) Du (V).
j=1k=11=1
S2(0,0) = —> & (0)° Y;Dji (M) YD () |,
=1 =1 k=1 =1 k=1
1 n o n o n.n.
S3(0,\) = — e (0)° YD (W)Y D YDy (M)
" j=1 k=1 j=1k=1
further,
Q(0,)) =81 (0,\) +8S2(0,)) —S3(0,)) —S5(0, ),
and
N 1 ~ ~ -
T\ = EY’D \NY

The Wald test statistic is constructed as

. (8) = oe (8) (¢ (2)¥ (2.) ¢ (3)) & (8). 0

where G (ﬂ) - (g) 108,V (0.0) =T (N Qo) T )

It is observed that V (0, \) has a sandwich form and is easy to compute, unlike Hausman
et al. (2012) where an extra term is included to account for the numerosity of instruments. It
is worth mentioning that V (6,\) /n is not a consistent variance estimator for the population
variance of By oy or By ey under weak instruments, which involves the unknown degrees of

weak identification.



3 Nonintegrable Weighting Function and Objective Functions

To fully utilize the continuum of moments (2) we have introduced in previous section, a distance

measure is to be formulated. Denote

h(B,7) = E{[ye — 1y — B' (Ye — py)] exp (i (7,X4)) },

and its sample analog

n

hn (8,7) = 3 (10— B exp (i, X)),

t=1

where ¢ = y; — . The distance measure has the form

/ (B, TP W (dr)
R4

and its sample analog is

/ I (B, T2 W (d7),
Ra

where W (+) is an arbitrary positive weighting function for which the integrals mentioned above
exist.

Clearly, W (+) is pivotal in terms of estimation accuracy, as it acts similar to the weighting
matrix in the objective function of GMM in Hansen (1982). Different choices of W (-) give rise
to associated IV estimators with different asymptotic properties. It is possible to introduce
a random weighting function, following Carrasco and Florens (2000). However, under weak
instruments and heteroskedasticity of unknown form, it is extremely challenging to follow this
approach. Further, their approach requires a regularization of the weighting function, which
involves a tuning parameter and is quite difficult to implement in practice. Instead, our approach
employs a nonrandom weighting function in the distance measure, which avoids the challenging
issue regarding the selection of an appropriate number of instruments or a tuning parameter.
One main contribution of this study is to introduce a unique nonintegrable weighting function,
which renders the proposed estimators outstanding theoretical and empirical properties, deviating
substantially from Escanciano (2018) and Antoine and Lavergne (2014), where some integrable
weighting functions, such as the standard normal density function, are employed.

Intuitively, from the perspective of the estimation efficiency of GMM, more weighting values



Figure 1: Standard normal density function (dashed curve) vs. 1/(772) (solid curve)

should be attributed to more informative sample moments in the minimum distance objective
function. When 7 is in a neighborhood of the origin, h,, (3, 7) contains more information, as it

can be shown, under some regularity conditions,

12
B |Vithn (80,7 = 258 {2 11— cos (% - X))}

Hence, weighting values as high as possible in a neighborhood of the origin is preferred. To this

end, we employ a nonintegrable weighting function, such that

Wir) = e g

where ¢, is a constant defined in Lemma 8.1 in the Appendix. One outstanding feature of (7) is
that its weighting values tend to infinity as ||7|| — 0, which is strikingly different from integrable
weighting functions, such as a standard normal density function. Figure 1 demonstrates this fact
for a standard normal density function, and (7) with ¢ = 1.

Another important feature of (7) is that it is an increasing function of ¢. Note that

10



i) = LD o)

71'((1+1)/2
(g — 1!
@2m) 22 |||t

where ¢!! is a double factorial, such that

q-(¢g—2)..5-3-1 ¢>0odd

q!' = q-(q—2)..6-4-2 ¢>0even

1 q=—1,0.
By applying an approximation to (¢ — 1)!!, when ¢ > 1, we have

1

(2m)4/? |||t

~ g—1 2 g+1\ "
~c\/é<2m> (I717%)
NCx/5< q—1 )‘”2

Il \2me ||

-1
(callrl™™) ~ mela -2 e o072

where ¢ = /7 for ¢ — 1 is even and /2 for ¢ — 1 is odd. Therefore, for a fixed value ||7| in
a neighborhood of the origin, (7) is an increasing function of ¢. This is important, as in weak
instruments scenarios, it is well motivated to introduce more excluded exogenous variables to
improve the IV strength in addition to the fact that many exogenous regressors are typically in-
cluded to guard against model misspecification or approximate some important but unobservable
factors. On the other hand, a ¢-dimensional standard normal density function is a decreasing
function of ¢, given a ||7]|. Notably, its weighting value equals (277)_‘1/ 2 at the origin, being the
maximum. It sharply shrinks to zero when ¢ increases.

The nonintegrable weighting function was first introduced by Székely et al. (2007) in the
statistics literature. Studies involving this weighting function include Székely and Rizzo (2009),
Székely and Rizzo (2014), Shao and Zhang (2014), Davis et al. (2018), Zhang et al. (2018), Yao

et al. (2018), and Wang (2021) in testing framework. In the following, write

h(B. T, _ e (i
/R dT—/quh(ﬂ, 2w (dr),

1
@ cq || TI*F

11



-1
where w (d1) = (cq HTHqH> dr for notational simplicity. The third feature of this noninte-
grable weighting function is that [, |k (B,T)]Qw (dT) enjoys a convenient analytical form, as

demonstrated by Lemma 3.1.

Lemma 3.1 Under Assumptions 1-3 presented in the next section, for any 3 €RP,

]
(8)

/Rq h (B, T w(dr)=—E[(ye — py — B (Yo — py)) (47—, — B (Y — py)) || Xe — X |

/
where (y;r, (er)/) is an i.i.d. copy of (ys,X})".

Proof. See the Appendix. m

It is possible to obtain a new IV estimator by minimizing the sample analog of (8). However,
preliminary Monte Carlo simulations have revealed that this estimator can be very biased in
the presence of weak instruments and a high dimensionality of X;. To improve the estimation
accuracy under these circumstances, we construct a LIML-like objective function, which is a

weighted version of (8), as follows:

By = arg min Jia 1 (B, 7)|* w (d)
°E ([yt T My -8 (Y- My)]2>

Qo = fy — BE)#’Y (10)
Then, the WCIV estimator is defined as the minimizer of the sample analog of (9), such that

(795 D(s 9
v (7 v)

Bwery=arg mﬁin : (11)

~ - A, < 7
awerv =9 — Bwerv Y. (12)

Obtaining (3) is straightforward and analogous to the computation of HLIM. Moreover, WCIV
remains invariant to normalization, similar to the case of HLIM. However, like HLIM, WCIV may
suffer from the moments problem in some cases. To address this issue, this study suggests utiliz-
ing a Fuller-type finite sample correction of WCIV (WCIVF), following the approach presented
in Fuller (1977), Hahn et al. (2004), and Hausman et al. (2012). WCIVF is obtained directly by re-

placing S\WC’IV in the WCIV estimator (3) with P\WC[V — <1 — S\WC[V) C/n} / [1 — (1 — XWCIV) C/’I’L] .

12



It is worth noting that both WCIV and WCIVF possess natural jackknife representation, making
them robust to heteroskedasticity of unknown form.
It is worth mentioning that Antoine and Lavergne (2014) use an integrable weighting function

in objective functions, based on a continuum of moments:
E{[y — 60Y]] exp (i (1,Xy))} =0, for all T € RY,

where Y; = (1,Y}). When a standard normal density function is chosen, the MD estimator is
calculated as

6 p=arg min [(y — Y*0)K(y—Y"0)],

where K is a n x n matrix, such that Kj; = exp <— X — Xk||2/2) for j # k, and K;; = 0 for
j,k =1,...,n. Note that exp (— X, — XkH2 /2) =1 # 0, when j = k. Therefore the diagonal

elements of K need to be set to zero to form a jackknife form.! The WMD estimator is

(y-Y*0)K(y - Y*H)]

éWMD: argmin |:
o | (y-Y*0)(y-Y*0)

Note that in Antoine and Lavergne (2014), the full parameter vector 6 can be estimated by
minimizing the objective function. Consequently, the formula of 0 MDD and @W M D can be obtained,
such that

Orp=[Y'KY*] ' [Y"Ky],
Ovvip = [Y*’ (K - XWMDIn) Y*] o [Y*’ (K . S\WMDIH> y} : (13)

where 5\W M p is the minimum value of the objective function, which can be explicitly computed
as the smallest eigenvalue of (Y* Y*)fl YYKY* with Y* = [y, Y*]. Its Fuller-style variant

WMDF is obtained directly by replacing Ay asp in the WMD estimator (13) with
[S\WMD - <1 - S\WMD) C/n} / [1 - (1 — S\WMD) C’/n} .

It appears that both WMD and WCIV (WMDF and WCIVF) share many similarities, but
they are constructed on distinct estimation frameworks. Due to the fundamental difference

between the weighting functions in the objective functions, WCIV and WCIVF are expected to

!The MD estimator, without setting zero values for the diagonal elements of K, corresponds to the IV estimator
proposed by Escanciano (2018).

13



be less dispersed than WMD and WMDF in finite samples.

4 Asymptotic Theory

To appreciate the asymptotic theory of WCIV and WCIVF, we introduce some assumptions.

Assumption 1 Let W, denote a vector containing distinct elements of (v, Y1, X7). {Wi}i

are i.i.d. E | X4 < oo.
Assumption 2 Y; = F (Y|X;) + n,.

R,.f (X4)

E(Y[Xy) = Jn

where R,, = f{ndiag ("1my -y Tqn), Such that f{n is bounded, and the smallest eigenvalue off{nf{;l
is bounded away from zero. For each j, 7j, = \/n or rj,//n — 0, 1, = mini<j<qrjn — 00.

% D2k f(X;) Djnf (Xy) is finite and positive definite, where £ (X;) = £ (X;) — 1 > £(X).

Assumption 3 There ezists a constant C, such that E (£|X;) = 0, E (n,|X;) = 0, E (¢7|X¢) <
C.E (I, 1X:) < C, Var ((e1,m) 1X2) = diag (97,0), and dyin (fy ) 2 1/C, as

Assumption 1 allows for the i.i.d. observations. Potentially, we can extend this to allow for
weakly dependent time series processes.

Assumption 2 is quite similar to Assumption 2 in Hausman et al. (2012), allowing linear
combinations of 3 to have different degrees of identifications. It accommodates IV regressions
involving included exogenous variables. For example, consider an IV regression with one endoge-

nous variable, one included exogenous variable, and one instrumental variable.
Yt = ao + +BnZn + BeeYu +ei,

where Z;; is the included exogenous variables. Hence, Y; = (Zi1, Y1), X¢ = (Zs1, X11)'. Let the

reduced form be partitioned conformably with 3 = (B, Bgs)’- As

E(YX;) = (Ztl,mztl + %fé (Xt)>
1 0 Vn/yv/no 0 Zn

m 1 0 Ton/\/1 f2 (Xt)

14



This reduced form is specified in Assumption 2 with

- 1 0 Zu
Rn: 7T1n:\/ﬁ7f(Xt>:
m 1 fa (Xy)

Although we do not generally require f (X;) to be known and linear in included exogenous vari-
ables, this study has been unable to simplify Assumption 2 while including such basic situations.
The positive definiteness of ,712 D5 2k f (X;) Djkf' (Xy)" implies its minimum eigenvalue is posi-
tive. Further, it is noted that the rates of decay to zero are slower than /n, this has been labeled
as nearly-weak identification or semi-strong identification by some previous studies. This study
adopts the "many weak instruments” tag, following Hansen et al. (2008), Newey and Windmeijer
(2009), and Hausman et al. (2012).

Assumption 3 is similar to Assumption 3 in Hausman et al. (2012), requiring bounded second
conditional moments of disturbances and uniform nonsingularity of the variance of the reduced
form of disturbances.

Theorem 4.1 establishes the consistency for WCIV and WCIVEF.

Theorem 4.1 Under Assumptions 1-3, for B = Bwcory or Bweorve, & = Gwery or OwcIve

Proof. See the Appendix. =

To discuss asymptotic normality, some additional assumptions are required.

Assumption 4 There ezists a constant C' > 0, such that E (e}|X¢) < C,E (HntH4 \Xt> <C

a.s. E|Wi* < .
We state the asymptotic normality theorem.

Theorem 4.2 Under Assumptions 1-4, for El = BWCIV or BWCIVFa

(VAR R (80) ViR, ") (VAR IR i) R, (B - By) 4 N (0.T,),

where

T =B [(Yi— ) (YF =) [ X = X7 ]

15



2 (60) = S1(00) + S2(0g) — S3(80) — S3(60)’

i which
1(00) = B (5 — a0~ By¥7 ) (%0 — ) K = X7 (%7 = ) [X7 = X7

S2(600) = E | (e — 00— BEY2)°| B ((¥e = pay) [ X = X7 |) B (Y2 = pay)' [ X0 = XF))
S5 (00) = B ( (" — 00— BOY{)” (¥s = piy) 1% = XF[]) B (Ve = oy ) [|%0 = X])

Proof. See the Appendix. mIn this theorem, we establish the asymptotic normality for BWC v
and ,[:}WC 1vr- Weregard o as a nuisance parameter and do not pursue its asymptotic distribu-
tion.

In the following theorem, we establish the validity of the Wald test statistic for parameter

inference regarding 3.

Theorem 4.3 Under Assumptions 1-4, if g (-) is continuously differentiable twice and G (B) is

of full rank, for testing the null (5), considering (@,5\) = (éWC’IV, XWCIV> or (@WCIVF, XWCIVF) ,

~

QO (é,i) 20 (0y),

Proof. See the Appendix. =

This theorem demonstrates that under the null, W,, <9> has a convenient chi-squared dis-
tribution asymptotically, despite the fact that the degrees of identification are unknown. An
important implication of the Wald test statistic is that, without the knowledge of the degrees of
weak identification, a large sample inference can be conducted in the usual way. In particular,
we can obtain the t-statistic by treating [3 as if it were normally distributed with mean 8, and

variance V (9, 5\) /n. Under the null, the t-statistic (Bj - 503’) /4 /ij (9, 5\> /m will be asymp-

totically normal.Our Monte Carlo simulations show that t-statistics have excellent finite sample

properties for a wide range of scenarios. In the application, we report , ”A/jj (9, 5\) /n, as if it is

the conventional standard deviation.

The estimation efficiency of an estimator is a highly desired property. Under the standard
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asymptotic framework, the estimation efficiency of IV estimators can be achieved by utilizing
an increasing number of instruments. There is some discussion on estimation efficiency in the
literature on many instruments, see, for example, Hahn (2002), Anderson et al. (2010), and
Kunitomo (2012). However, these theoretical results are quite limited. In many weak instruments
asymptotics, an increasing number of instruments are required to ensure estimation consistency.
The ratio between the number of IVs and the sample size does not necessarily align with the one
required by an efficient IV estimation. Additionally, the estimation efficiency of IV estimators
involves optimal weighting matrix, which is difficult to be estimated accurately under many
instruments and heteroskasticity of unknown form. Regarding WCIV and WMD (WCIVF and
WMDF), intuition suggests WCIV (WCIVF) is more efficient than WMD (WMDF) due to the
specialty of the nonintegrable weighting function. However the theoretical validation is quite
challenging and beyond the scope of this study. This study resorts to Monte Carlo simulations to
evaluate the accuracy of the asymptotic approximations and compare the performance of these

competitive estimators.

5 Monte Carlo Evidence

In this section, we evaluate the finite sample performance of WCIV and WCIVF, and compare it
with that of WMD, WMDF, and HFUL. To describe HFUL, denote X} = (X{,ta . X;t)/, where

r is a positive integer. The instruments include a constant and pairwise instruments

!/

(X5 (X3)", (X3)", (X1, Xidr, ., X )

where d; € {0,1} and Pr(d; =1) = 1/2. We consider L = 1, 4, or 9, that is, when L = 1, the
instruments are (1,X})’; when L =4, (1,X], (X%)/,(X?)/, (Xf)/)’; when L =9,

(1,X, (X)), (X3), (XD, Xidy, ..., X, ds)'.

We denote these HFUL estimators as HFUL1, HFUL4, and HFUL9, respectively. The com-
parisons are in terms of median bias, range between the 0.05 and 0.95 quantiles, and empirical
rejection frequencies for t-statistics at the 5% nominal level of the estimators. The number of

Monte Carlo simulations is 10, 000.
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5.1 Setup 1

Consider following linear models M;-Ms, such that

q

/C/q
My =ap+ ByY: + e, Y = —EX-+,
1y =00+ BoYs + &4, Yy nj:1 gt T Mt

q
/¢/a
My:ye=ao+ BoYi+e, Vi = nZIXj%t+77t,
]:

q
C
Mz g = ag+ BoYi + &1, Vi = 1 \/ﬁZXj,t+7lt>O :
j=1

where 1 {-} denotes the indicator function. To mimic empirical situations, allow X; = (X1, ..., Xq¢)’

to follow
et + €5t

9 .:17"'? I
NG J q

where (eg¢, €1, ..., €q¢)" ~ 1.5.d.N (0,I541). By construction, the correlation coefficient between

Xji =

X+ and Xy, for j # k is 0.5 owing to the presence of the common shocks eg;. €; is allowed to

be heteroskedastic as

1- /32 2 2
=0+ | +0.86 1.~ N(0,X2),n,, ~N(0,0.86%),
£t = p1y 2 1 (0.86)° (dm1.4 N2.4) s 11t (0,X%4) 124 ( )

where 7, , and 75, are independent of 7,. Hausman et al. (2012) show that this design causes
LIML to be inconsistent when ¢ # 0. In M, E (Y;|X;) is linear. In My and Ms, E (Y;|Xy)
is nonlinear. We set ag = Sy = 0 without loss of generality and consider a sample size of
n = 250, ¢ = 10 and p = 0.6. Further, we consider ¢ = 3,10,15, ¢ = 0, 0.5. When ¢ = 0, & is
homoskedastic, ¢ = 0.5, €; heteroskedastic.

In Tables 1-3, we report the simulation results on S, for WCIV, WCIVF(C = 1), WMD,
WMDF(C = 1), HFUL1(C = 1), HFUL4(C = 1) and HFUL9(C = 1). The main features of the

results are as follows:

1. For Mi, when ¢ = 3, HFUL1 has the best performance in terms of the range between
the 0.05 and 0.95 quantiles (DecR), while HFUL4 and HFUL9 are much more dispersed.
However, for ¢ = 10 and 15, WCIV and WCIVF outperform HFUL1, HFUL4, and HFUL9
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regarding DecR when ¢ = 0 or 0.5. Additionally, WCIV and WCIVF are almost me-
dian unbiased for all cases, whereas HFUL1, HFUL4, and HFUL9 show relatively large
median biases, consistent with the results of simulations in Hausman et al. (2012). With
regard to the empirical properties of the t-statistics, both WCIV and WCIVF have accurate
empirical sizes, whereas HFULL1 is undersized, and HFUL9 is oversized, especially for high-
dimensional cases. WMD and WMDF exhibit comparable features to WCIV and WCIVF
in terms of median biases and empirical properties of the t-statistics but have substantially
larger DecR, as expected. Furthermore, while both WCIVF and WCIV perform similarly,
WMDF outperforms WMD in terms of DecR but performs worse than WMD in terms of

median biases and properties of the t-statistics, particularly for high-dimensional cases.

. For My, HFULL is severely median biased and dispersed, while HFUL4 and HFUL9 is much
less biased and less dispersed, as the linear instruments employed in HFUL1 cannot ap-
proximate the nonlinear reduced form sufficiently. However, both WCIV and WCIVF are
almost median unbiased, with empirical rejection frequencies for the t-statistics well con-
trolled. In terms of DecR, WCIV and WCIVF outperform WMD and WMDF substantially,
and better than HFULs except for HFUL4 in the case of ¢ = 3.

. For M3, HFUL1, HFUL4, and HFUL9 are all heavily median biased, especially when ¢ = 3,
while WCIV and WCIVF are almost median unbiased in all cases. So are WMD and
WMDF when ¢ is small. When ¢ is large, however, it appears that WMDF worsens in
terms of median bias, whereas it is less dispersed than WMD. In terms of DecR, WCIV and
WCIVF outperform WMD and WMDF substantially in all cases, and better than HFULs

except for HFUL1 in the case of ¢ = 3.

In summary, we conclude that WCIV and WCIVF have exceptional finite-sample properties

in the context of Setup 1. They exhibit almost median unbiasedness in all cases, and their empir-

ical rejection frequencies of the t-statistics are close to the nominal value. They are considerably

less dispersed than WMD and WMDF in all cases. In comparison with HFUL, both WCIV and

WCIVF exhibit less dispersion in numerous cases, particularly for nonlinear reduced forms and

large values of ¢q. Furthermore, HFUL is generally more biased than WCIV and WCIVF. Addi-

tionally, the finite-sample properties of HFUL are significantly sensitive to the number of selected

instruments, particularly when the reduced forms are nonlinear. These findings demonstrate that
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WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
¢=0 q=3

Med 0.0015 0.0016 0.0017  0.0047 0.0330 0.0339 0.0464

DecR 0.8347  0.8341 1.0607  1.0452 0.7504 0.8806 1.1013

Rej 0.0537  0.0537 0.0547  0.0554 0.0336 0.0510 0.0797
q=10

Med 0.0016  0.0018 0.0015  0.0096 0.0111 0.0151 0.0209

DecR 0.4722  0.4717 0.7321  0.7052 0.4768 0.6338 0.9444

Rej 0.0513  0.0514 0.0458  0.0506 0.0114 0.0308 0.0740
q=15

Med 0.0000 0.0003 -0.0004 0.0337 0.0084 0.0126 0.0293

DecR 0.3782  0.3780 0.7192  0.6159 0.3877 0.5617 0.9736

Rej 0.0472  0.0474 0.0507  0.0664 0.0040 0.0197 0.0741

¢=0.5 qg=3

Med -0.0031 -0.0030 -0.0061 -0.0034 0.0361 0.0400 0.0524

DecR 0.9336  0.9337 1.1291 1.1103 0.8453 0.9939 1.2257

Rej 0.0503  0.0503 0.05 0.0509 0.0362 0.0574 0.0882
q=10

Med -0.0017 -0.0015 -0.0012 0.0070 0.0135 0.0172 0.0224

DecR 0.4993  0.4989 0.7219  0.6993 0.5141 0.6510 0.9754

Rej 0.0458  0.0458 0.0507  0.0538 0.0144 0.0337 0.0738
q=15

Med 0.0002  0.0005 -0.0018 0.0317 0.0111 0.0141 0.0228

DecR 0.4054  0.4048 0.6831 0.5891 0.4186 0.5765 0.9542

Rej 0.0500  0.0500 0.0487  0.0632 0.0080 0.0285 0.0768

Table 1: Linear IV model M; : yr = ag + BoYr + &4, Y3 = \/CTQZ X+ + n;. Median bias

(Med), the range between the 0.05 and 0.95 quantiles (DecR), and emplrlcal rejection frequencies
for t-statistics at 5% nominal level (Rej) are reported.

HFUL may provide misleading estimates when the reduced forms are not well-approximated using

linear combinations of the selected instruments.

5.2 Setup 2

We consider alternative linear models My-Mg, which are similar to Antoine and Lavergne (2014),

My ye = ag + BoY; + /0.5 +0.5XF &4, Vi
Ms : yr = ag + BoY: +1/0.5 +0.5X7 &, Y; =

Mg =y = a0 + BoYe + /0.5 + 0.5X7 &1, Vi = exp

such that

20

no 45

045 ZXJt+77t’

ZXJt + exp(0.5 4+ 0.5X1 ¢ )1y,

7j=1

vela

1n0-45

q
Z Xt | + e
j=1



WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
¢=0 q=3

Med 0.0000  0.0009 -0.0020 0.0028 0.5617 0.0267 0.0272

DecR 1.0401  1.0326 1.2310  1.1989 1.5104 0.7683 0.9729

Rej 0.0398  0.0398 0.0512  0.0516 0.5472 0.0436 0.0701
q=10

Med 0.0000  0.0029 0.0016  0.0163 0.4764 0.0137 0.0281

DecR 0.6050  0.5941 1.0552  0.9506 1.9397 0.6783 1.0975

Rej 0.0373  0.0382 0.0504  0.0558 0.5252 0.0256 0.0719
q=15

Med -0.0009 0.0012 -0.0026 0.0576 0.4480 0.0142 0.0470

DecR 0.4831  0.4772 1.1197  0.7513 2.0637 0.6847 1.2875

Rej 0.0366  0.0379 0.0574  0.0808 0.5118 0.0260 0.0804

¢=0.5 q=3

Med -0.0189 -0.0165 -0.0118 -0.0069 0.5668 0.0317 0.0379

DecR 1.1754  1.1458 1.2764  1.2380 1.5758 0.8506 1.0585

Rej 0.0359  0.0362 0.0474  0.0482 0.5313 0.0555 0.0808
q=10

Med -0.0092 -0.0059 -0.0107 0.0048 0.5072 0.0178 0.0310

DecR 0.6711  0.6615 1.0626  0.9508 1.9612 0.7379 1.1046

Rej 0.0351  0.0366 0.0466  0.0519 0.5471 0.0345 0.0757
q=15

Med -0.0030 -0.0003 -0.0030 0.0590 0.4479 0.0168 0.0399

DecR 0.5380  0.5282 1.0702  0.7366 2.0453 0.7144 1.2552

Rej 0.0408  0.0415 0.055 0.0780 0.5172 0.0302 0.085

Table 2: Linear IV model My : yr = agp + BoY: + €1, Yi = 4/ C/Tq Z?:1 X]%t + ;. Median bias
(Med), the range between the 0.05 and 0.95 quantiles (DecR), and empirical rejection frequencies
for t-statistics at 5% nominal level (Rej) are reported.

Note that heteroskedasticity in model disturbances is allowed for. In all models €; and 7, follow a

. e : N R /

joint normal distribution with a covariance matrix - Xy = (X1, ..., Xg) follows the
p 1

same process as in Setup 1. The reduced form in My is a linear model with homoskedastic errors;

the reduced form in M3 is a linear model with heteroskedastic errors; while the reduced form in
Ms is nonlinear. We set ap = [y = 0 again. In the simulations, we values ¢ = 4, 8, p = 0.8
and n = 250. Clearly, when ¢ = 4, the degree of weak identification is more severe. We consider
q = 4,8 and 16 to check the finite sample properties of estimators under different dimensions of
conditioning variables.

Tables 4-6 report the simulation results of 5, for WCIV, WCIVF(C = 1), WMD, WMDF(C =
1), HFUL1(C = 1), HFUL4(C = 1), and HFUL9(C = 1). The general conclusions are similar to

those presented in Setup 1. That is, WCIV and WCIVF have excellent finite sample properties,
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WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
¢=0 q=3

Med -0.0062 -0.0057 0.0006  0.0091 0.0843 0.1167 0.1554

DecR 2.3123  2.3006 3.1884  3.0489 1.9550 2.5684 3.5802

Rej 0.0442  0.0442 0.0457  0.0465 0.0233 0.0478 0.0829
q=10

Med -0.0095 -0.0090 -0.0046 0.0175 0.0369 0.0455 0.1031

DecR 1.2964  1.2948 2.3624  2.2003 1.3876 2.0770 3.4899

Rej 0.0419  0.0420 0.0462  0.0483 0.0094 0.0327 0.0726
q=15

Med -0.0026 -0.0017 -0.0114  0.0759 0.0248 0.0412 0.1182

DecR 1.1017  1.1006 2.3307 1.8374 1.2120 1.9415 3.7257

Rej 0.0483  0.0487 0.0478  0.0606 0.0046 0.0309 0.0800

¢=0.5 q=3

Med -0.0028 -0.0023 -0.0121  -0.0043 0.1153 0.1288 0.1585

DecR 2.5261  2.5255 3.3285  3.2036 2.1789 2.8813 3.8007

Rej 0.0417  0.0418 0.0441  0.0445 0.0302 0.0562 0.0855
q=10

Med -0.0011 -0.0005 0.0020  0.0231 0.0474 0.0617 0.0995

DecR 1.3954  1.3937 2.2599  2.1132 1.4886 2.1757 3.5166

Rej 0.0420  0.0420 0.0437  0.0465 0.0142 0.0402 0.0783

q=15
Med -0.0055 -0.0049 -0.0116  0.0761 0.0298 0.0315 0.1004
DecR 1.1689 1.168 2.3200 1.7693 1.3057 2.0461 3.8185
Rej 0.0459  0.046 0.0471  0.0585 0.0075 0.0328 0.0806

Table 3: Linear IV model M3 : yy = ag+ BoYe +e¢, Vi =1 {\/ C/Tq ;4’:1 X +n > 0} . Median

bias (Med), the range between the 0.05 and 0.95 quantiles (DecR), and the empirical rejection
frequencies for t-statistics at the 5% nominal level (Rej) are reported.

outperforming other alternatives, especially when the ¢ values are large. On the other hand,
when the weak identification is severe, HFUL has very poor finite sample properties. Notably

HFUL is heavily biased in the case of Ms.

6 Application to Estimating the EIS in Consumption

In this section, WCIV and WCIVF are applied to estimate the EIS in consumption for macro
datasets from the US. The EIS in consumption is a parameter of central importance in macroe-
conomics and finance as it measures how much consumers change their expected consumption
growth rate in response to changes in the expected return on any asset. For example, King
and Rebelo (1990) demonstrates that EIS is the key parameter in a simple neoclassical model of

endogenous growth, which involves taxation. In the consumption based asset pricing models, the
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WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
c=4 q=414
Med -0.0101 -0.0098 -0.0238 -0.0186 0.0551 0.0629 0.0719
DecR 1.1091  1.1065 1.3296  1.2916 0.9853 1.1049 1.2708
Rej 0.0582  0.0584 0.0595  0.0608 0.066 0.0887 0.1168
q=28
Med -0.0044 -0.0041 -0.0123  -0.0029 0.0312 0.0381 0.0501
DecR 0.7490  0.7479 0.9619  0.923 0.7440 0.8893 1.1267
Rej 0.0506  0.0506 0.0548  0.057 0.0446 0.0671 0.0958
q=16
Med -0.0036 -0.0030 -0.0099 0.0718 0.0173 0.0236 0.0482
DecR 0.5232  0.5222 0.8615  0.5967 0.5459 0.6845 1.0630
Rej 0.0473  0.0475 0.056 0.0913 0.0242 0.0484 0.0983
c=28 q=4
Med -0.0048 -0.0047 -0.0121  -0.0099 0.0274 0.0306 0.0301
DecR 0.7233  0.7229 0.7913 0.7831 0.7120 0.7642 0.8497
Rej 0.0511  0.0513 0.0516  0.0525 0.0608 0.0693 0.0836
q=238
Med -0.0023 -0.0022 -0.0068 -0.0020 0.0164 0.0203 0.0237
DecR 0.5104  0.5097 0.6007  0.5920 0.5195 0.5636 0.6661
Rej 0.0495  0.0496 0.0465  0.0479 0.0439 0.0538 0.0721
q=16
Med -0.0019 -0.0017 -0.0058 0.0364 0.0080 0.0106 0.0202
DecR 0.3611  0.3610 0.5276  0.4518 0.3752 0.4241 0.5966
Rej 0.0511  0.0511 0.0460 0.0710 0.0244 0.0361 0.0732

Table 4: Linear IV model My : v = ag + BoY: + /0.5 + 0-5X12,t5t7 Y, = n—”ﬁg ;1-:1 Xt + ;.

Median bias (Med), the range between the 0.05 and 0.95 quantiles (DecR), and empirical rejection
frequencies for t-statistics at 5% nominal level (Rej) are reported.

EIS determines the optimal consumption rule, as observed in Campbell and Viceira (1999).
Therefore, EIS is a key input parameter in many macroeconomic or financial model calibra-
tions. In recent years, the EIS has been set to be quite large in many cases, reflecting the general
view among macroeconomists today that a high EIS is more consistent with the stylized facts of
macroeconomic dynamics. For example, Bansal and Yaron (2004) choose an EIS value as large
as 1.5, while Barro (2009), Ai (2010), and Colacito and Croce (2011) set the EIS value to 2.
However, to date, empirical estimation results based on macro data sets have provided limited
support to this view.2 Early literature, such as Hansen and Singleton (1983), has suggested EIS

values as high as one. However Hall (1988) argues that they do not consider time aggregation

2At the micro data level, there is some evidence of a high EIS value. For example, Attanasio and Weber
(1993) find higher values for using disaggregated cohort-level consumption data; Vissing-Jorgensen (2002), using
household data, records a higher EIS value among asset market participants. However, these results do not directly
support the large EIS values observed in macro model calibrations because they are based on aggregate macro
data.
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WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
c=4 q=414
Med 0.0334 0.0343 0.0432  0.0518 0.1375 0.1841 0.2064
DecR 1.8895  1.7986 2.8125  1.7637 0.8177 1.1188 1.1978
Rej 0.0835  0.0836 0.1086  0.1119 0.1311 0.2218 0.2415
q=28
Med 0.0054  0.0065 0.0262  0.0423 0.0781 0.1337 0.1765
DecR 1.0639  1.0260 2.1302  1.2105 0.7390 1.1126 1.2096
Rej 0.071 0.0711 0.1046  0.1107 0.0955 0.1938 0.2178
q=16
Med -0.0008 0.0000 0.0393 0.1381 0.0366 0.0940 0.1624
DecR 0.6651  0.6531 2.3379  0.5004 0.6126 1.0625 1.1677
Rej 0.0656  0.0664 0.1198  0.1950 0.0723 0.1905 0.2161
c=38 q=4
Med 0.0050  0.0053 0.0040  0.0095 0.0687 0.1023 0.1257
DecR 0.9909 0.9761 1.2214  1.0523 0.6650 1.0186 1.1128
Rej 0.0699  0.0700 0.0831  0.0850 0.0908 0.1689 0.1872

q=38
Med -0.0006 0.0000 -0.0005 0.0093 0.0324 0.0547 0.0887
DecR 0.6195 0.6128 0.8948  0.7338 0.5392 0.7956 1.0709
Rej 0.0619  0.062 0.0784  0.0819 0.0632 0.127 0.1671
q=16

Med -0.0010 -0.0006 0.0013  0.0749 0.0140 0.0321 0.0799
DecR 0.4081  0.4058 0.8885  0.3698 0.4309 0.6528 0.9985
Rej 0.058 0.0587 0.0842  0.1386 0.0381 0.114 0.1557

Table 5: Linear IV model Ms : v = ag+ByY:+4/0.5 + 0-5X12¢€t, Y; = n—&f{ﬁ ;1»:1 X, t+exp(0.5+

0.5X1,)n,. Median bias (Med), the range between the 0.05 and 0.95 quantiles (DecR), and the
empirical rejection frequencies for t-statistics at the 5% nominal level (Rej) are reported.

problem of the data appropriately, and the employed instruments are problematic. When valid
instruments are employed, Hall (1988) finds that the TSLS estimates of the EIS for the US are
unlikely to be much higher than 0.1 and may well be 0. Yogo (2004) points out that these mis-
leading results may be attributed to weak instruments. Yogo (2004) and Ascari et al. (2021)
employ weak-instrument-robust inference procedures on macro data sets, following Staiger and
Stock (1997), Kleibergen (2002), Moreira (2003) and Kleibergen (2005); however, they reach
similar conclusions as in Hall (1988). It should be noted that these estimation and inference
procedures only employ a fixed number of instruments. Therefore, it would be of great interest
to re-examine the EIS estimation with the estimation procedures in the literature on many weak
instruments.

To derive the estimable log-linearized Euler equation, we consider a basic consumption-based

asset pricing model with the Epstein-Zin utility function. Let é be the subjective discount factor,
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WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
c=4 q=414
Med -0.0101 -0.0099 -0.0220 -0.0177 0.0533 0.0550 0.0641
DecR 1.0618 1.0613 1.2879  1.2584 0.9502 1.0748 1.2412
Rej 0.0556  0.056 0.0597  0.0605 0.0668 0.0839 0.1093
q=28
Med 0.0005  0.0009 -0.0039 0.0033 0.0331 0.0339 0.0380
DecR 0.7052  0.7036 0.9136  0.8756 0.7023 0.8054 1.0154
Rej 0.0541  0.0547 0.0586  0.0619 0.0455 0.0679 0.0915

q=16
Med 0.0011 0.0016 -0.0035 0.0642 0.0168 0.0206 0.0352
DecR 0.4648  0.4646 0.7355  0.5478 0.4931 0.5847 0.8606
Rej 0.0488  0.049 0.0555  0.0875 0.0231 0.0437 0.0872
c=38 q=14

Med -0.0051 -0.0050 -0.0118 -0.0096 0.0247 0.0228 0.0239

DecR 0.6652 0.6651 0.7349  0.7287 0.6644 0.6928 0.7671

Rej 0.0474  0.0475 0.0495  0.0502 0.061 0.064 0.0787
q=28

Med 0.0007 0.0008 -0.0015 0.0024 0.0155 0.0168 0.0164

DecR 0.4504 0.4502 0.5311 0.5229 0.4627 0.4816 0.5492

Rej 0.0531 0.0534 0.0495  0.0513 0.0495 0.0565 0.0696
q=16

Med 0.0005 0.0007 -0.0014 0.0283 0.0070 0.0098 0.0135

DecR 0.2884 0.2883 0.4147  0.3678 0.3078 0.3228 0.4167

Rej 0.0503  0.0507 0.0485  0.068 0.0293 0.0349 0.0693

Table 6: Linear IV model Mg : y; = co+8¢Y:+4/0.5 + 0.5X127t5t, Y: = exp (nv(ﬂg ?:1 Xj7t> +1;.

Median bias (Med), the range between the 0.05 and 0.95 quantiles (DecR), and the empirical
rejection frequencies for t-statistics at the 5% nominal level (Rej) are reported.

v be the coefficient of relative risk aversion, and 6 = (1 — ) /(1 — 1/4). Following Epstein and

Zin (1989) and Epstein and Zin (1991), the objective utility function is defined recursively by

1/670/0-)
) (14)

U= =)l 46 (BULY

where C; is consumption at time ¢; E; denotes conditional expectation F (-|F;), where F; is
the information set at time ¢. In the special case where v = 1/1), (14) reduces to the familiar
time-separable power utility model with period utility function U (Cy) = C’t1 /(1 —7). The
representative household maximizes the objective function (14) subject to the intertemporal

budget constraint
Witi = (14 Ry41) (W — C) (15)
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where W1 is the household’s wealth and 1 + Ry, ;11 is the gross real return on the portfolio of
all invested wealth at ¢t 4+ 1. Epstein and Zin (1991) show that equations (14) and (15) imply the

Euler equation of the form

0
Ct+1>_1/w < 1 )1_9
FE 1) R — 1+ R; =1 16
t ( ( o 14+ Ry 41 ( j’tJrl) (16)

where 1 + R ;1 is the gross real return on asset j.

Let lowercase letters denote the logarithms of the corresponding uppercase variables (e.g.,
rj4+1 = log (1 + Rj:+1)). By assuming that asset returns and consumption are homoskedastic

and jointly log normal conditional on F}, the Euler equation (16) can be linearized as

1

¢Act+1> _o, (17)

Ey (Tj,t+1 -1 —

where v is the EIS in consumption and

1 0
ny=mny— §VCL7” (Tj,tJrl — Etrj,t+1) + JCOU (Tj,tJrl — Etrj,t+1, ACH»l — EtACt+1)

+ (1 =0)Cov (rj 141 — Eirj i1, Twi+1 — Eirwi+1)
where
0—1 0
ng=— log é + TVCLT‘ (Tw,t+1 — Etrw,tJrl) — TWVCLT (ACtJrl — EtACtJrl) .

If asset returns and consumption are conditionally heteroskedastic, we can still obtain a similar
linearized Euler equation; however, ;11 —n; — iACt_i_l is now heteroskedastic; see Yogo (2004)
for a more detailed discussion.

Based on (17), Hall (1988), Campbell (2003), Yogo (2004), and Ascari et al. (2021), among
others, have used an instrumental variable regression approach to estimate EIS. Normally one
would choose a vector Xy, which is a subset of the information set. By the law of iterated

expectations, we get

E [rjis1 —n; — 1/Dca|Xe] =0, (18)

or its reversed form

FE [ACt+1 - Oéj - Q]Z)Tj’tJrl‘Xt:I =0. (19)
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6.1 The US Quarterly Data in Ascari et al. (2021)

We utilize the dataset from Ascari et al. (2021) which includes quarterly data on equity markets
at an aggregate level, and macroeconomic variables from Q4 1955 to Q1 2018. For the nominal
interest rate iy, this analysis employs three-month treasury bill rate; for the nominal stock market
return s¢, the S&P 500 return is employed. For ¢, the log of real consumption of nondurables
and services is used, following Campbell and Mankiw (1989) and Yogo (2004). The inflation
rate m; is determined based on the deflator that corresponds to the consumption of nondurables
and services. Additional details regarding the data sources and transformation techniques can
be found in the supplementary appendix of Ascari et al. (2021).

As per Ascari et al. (2021), the ex-post real interest rate iy — 71 and the ex-post real stock
return st — my41 are considered for the analysis. In the empirical analysis, the EIS is estimated
using the real interest rate as the asset return. 2 X, comprises lag terms of the real interest rate,
real stock return, consumption growth and the first-difference of the log dividend-price ratio
(Adpy).* Tt is worthwhile mentioning that the first-difference of the log dividend-price ratio is
considered instead of the log dividend-price ratio, due to its non-stationary nature. ® Specifically,
to estimate (18) and (19), we use i — m41, St — Ti+1, Acy, and Adp, from the first lag up to
the third lag. Thus they are at least lagged twice to avoid the data aggregation issue described
in Hall (1988). As a comparison, the estimates obtained using alternative estimation procedures
are also reported. For HFUL, the instruments include a constant and pairwise instruments
( (X2 XYy, ...,X;dL,g)/, where d; € {0,1}, Pr(d;=1) = 1/2. We consider L = 1, 2
or 6, that is, when L = 1, the instruments are (1,X})’; when L = 2, (1,X], (X%)/)'; when
L=6, (1,X], (X%)/ , Xdy, ..., X}dy). We denote these HFUL estimates as HFUL1, HFUL2, and
HFULG, respectively. We have to utilize a smaller number of instruments to avoid singular matrix
problem in HFUL. We set C' = 1 for WCIVF, WMDF and HFULs.

Table 7 presents the estimation results for 1/¢ and . Notably, WCIV and WCIVF(C = 1)

estimates of the EIS (¢) appear to be large, and statistically significant at the 10% significant

3We did not consider the stock return as the asset return, since it is harder to predict, the problem of weak
instruments is more severe , as demonstrated in previous empirical studies.

“In Yogo (2004), lag terms of the nominal interest rate, inflation rate, consumption growth, and log dividend-
price ratio are utilized, while Campbell (2003) employs lag terms of the real interest rate, real consumption growth,
and log dividend-price ratio. Additionally, Beeler and Campbell (2012) use lag terms of the real interest rate, real
stock return, real consumption growth, and log dividend-price ratio. In contrast, Ascari et al. (2021) examines lag
terms of the real consumption growth and real interest rate.

5The null hypothesis that the log price-dividend ratio is a unit root is not rejected by the Phillips-Perron test at
the 5% significant level. Therefore, the first-difference of log price-dividend ratio, instead of the log price-dividend
ratio, is employed.
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WCIV WCIVF WMD WMDF HFUL1 HFUL2 HFUL6 TSLS
lags 1
P 1.03 1.01 1.19 0.77 0.15 0.22 0.19 0.14
(0.62) (0.60) (0.97) (0.45) (0.14) (0.11) (0.17) (0.10)
1/9 0.98 0.97 0.84 0.67 4.77 3.95 4.03 0.62
(0.61) (0.61) (0.71) (0.51) (4.32) (2.05) (2.41) (0.31)
lags 1 to 2
P 1.15 1.14 1.27 0.90 0.21 0.23 0.19 0.17
(0.64) (0.63) (0.90) (0.49) (0.16) (0.16) (0.15) (0.09)
1/4 0.87 0.86 0.78 0.68 3.94 3.65 3.28 0.50
(0.50) (0.50) (0.58) (0.47) (3.00) (2.45) (1.67) (0.23)
lags 1 to 3
Y 1.62 1.60 1.82 1.36 0.23 0.24 0.26 0.18
(0.94) (0.92) (1.16) (0.67) (0.18) (0.21) (0.27) (0.09)
1/9 0.62 0.61 0.55 0.52 3.67 3.45 2.98 0.46
(0.34) (0.34) (0.33) (0.31) (2.81) (2.95) (2.55) (0.22)

Table 7: Estimates of the EIS using real interest rate as the asset return. The quarterly data
range is from Q4 1955 to Q1 2018. EIS is estimated from E [Aci41 — a — ¥r1]|Xy] = 0. The
reciprocal of the EIS is estimated from E [ri11 — p — 1/ Aci+1]|Xy] = 0. Xy comprises lag terms
of the real interest rate, real stock return, consumption growth and the first-difference of the log
dividend-price ratio from the first lag up to the third lag. The values in the brackets are the
standard deviations of the corresponding estimates.

level. These findings hold true over model transformation, with the WCIV and WN IVF(C = 1)
estimates of 1/¢ align with those of . Although, the WMD and WMDF(C' = 1) estimates
of the EIS are comparable to those of WCIV and WCIVF(C = 1) in some cases, the WMD
estimates are not statistically significant at the 10% significant level, and the WMDF estimates
are generally smaller than the WCIV and WCIVF estimates substantially. Furthermore, the
WMD and WMDF estimates frequently differ substantially. For example, for the first IV set, the
WMD estimate of EIS is 1.19 and statistically insignificant at the 10% significant level, while the
WMDF(C' = 1) estimate is 0.77, and statistically significant at the 10% significant level. The
HFUL estimates of the EIS are generally greater than the TSLS estimates, but much less than

the WCIV and WCIVF(C = 1) estimates.

6.2 The US Quarterly Data in Beeler and Campbell (2012)

To further check the robustness of the WCIV and WCIVF estimates of the EIS, an alternative
quarterly data set from Beeler and Campbell (2012) is considered. The data range is from Q2
1947 to Q4 2008. The stock market data are based on monthly CRSP NYSE/AMEX Value-

weighted Indices. The real interest rates and real stock returns are ex-ante. See the appendix
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WCIV WCIVF WMD WMDF HFUL1 HFUL2 HFUL6 TSLS

IV Set 1
1/¢  0.49 0.49 0.54 0.43 2.82 3.51 3.39 1.62
(0.30)  (0.30) (0.30)  (0.22)  (L.08)  (L60)  (L.53)  (0.40)
P 2.03 1.98 1.86 1.16 0.32 0.24 0.25 0.33
(1.07)  (1.02) (0.99)  (0.41) (0.12)  (0.11)  (0.11)  (0.13)
IV Set 2
1/¢  0.59 0.57 0.39 0.20 2.82 3.62 3.33 1.10
(0.50)  (0.48) (0.39)  (0.10)  (1.16)  (1.85)  (1.69)  (0.27)
P 1.69 1.60 2.58 0.40 0.32 0.23 0.25 0.32
(0.78) (0.71) (1.66)  (0.11) (0.13) (0.11) (0.13) (0.13)
IV Set 3
1/¢ 042 0.42 0.50 0.41 2.67 3.39 3.15 1.03
(0.24)  (0.23) (0.26)  (0.20)  (1.03)  (1.58)  (1.46)  (0.23)
P 2.36 2.30 2.00 1.23 0.34 0.25 0.27 0.34

(1.33)  (1.26) (1.07)  (0.43) (0.13)  (0.12)  (0.13)  (0.13)

Table 8: Estimates of the EIS using real interest rate as the asset return. The data range is from
Q2 1947 to Q4 2008. The EIS is estimated from F [Aciy1 — a — ¢ri1]Xy] = 0. The reciprocal
of EIS is estimated from E [ri1 — p — 1/9Aci11|X:] = 0. The first set consists of the first lag
terms of real interest rate, real stock return, and consumption growth. The second set consists
of the first lag terms of real interest rate, consumption growth, and first-difference of log price-
dividend ratio. The third set consists of the first lag terms of real interest rate, real stock return,
consumption growth, and first-difference of log price-dividend ratio. The values in the brackets
are the standard deviations of the corresponding estimates.

of Beeler and Campbell (2012) for detailed description of the data, sources, and transformation
used.

The EIS is estimated using real interest rate as the asset return. Three sets of X; are consid-
ered. The first set consists of lag terms of real interest rate, real stock return, and consumption
growth. The second set consists of the lag terms of real interest rate, consumption growth, and
first-difference of log price-dividend ratio. The third set consists of real interest rate, real stock
return, consumption growth, and first-difference of log price-dividend ratio. We consider the first
lag terms of X; in our analysis.

The empirical results are reported in Table 8. It is observed that the WCIV and WCIVF(C =
1) estimates of the EIS are also quite large, although the data range, data structure, and X; are
different. Notably, for the first set, the WCIV and WCIVF(C' = 1) estimates of the EIS are
approximately 2 and statistically significant at the 5% level. For the third set, the estimates are
even larger than 2. In contrast, the HFUL estimates of the EIS are quite small, even less than
the TSLS estimates in several cases.

In summary, we obtain large WCIV and WCIVF (C' = 1) estimates of the EIS in consumption,
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which well exceed one, and are statistically significant from zero. Further, these findings are
robust to different sets of X;, model transformation, and different data structures and data
ranges. These results are strikingly different from those of HFUL and lend strong support to the

practices of some model calibrations, where the EIS value is set to be significantly large.

7 Conclusion

This study proposes two novel IV estimators, namely WCIV and WCIVF, utilizing a continuum
of instruments and a unique nonintegrable weighting function in the minimum distance objective
function of IV estimation. This study demonstrates that these estimators are consistent and
asymptotically normally distributed in the face of weak instruments and heteroskedasticity of
unknown form. FKExtensive Monte Carlo simulations reveal that they exhibit highly favorable
finite sample properties under various model setups. We apply WCIV and WCIVF to estimate
the EIS of consumption for macro datasets of the US. Our results show the WCIV and WCIVF
estimates well exceed one and are statistically significant, which is strikingly different from the

results obtained using alternative approaches.
8 Appendix

Throughout, let C' denote a generic positive constant that may be different in different uses.

D ik = 2i=1 2_=1- Let w.p.a.l denote with probability approaching one.

Lemma 8.1 For all X € RY

1-— X
/ Loeostm X)X
[

where
ala+1)/2

F((q+1)/2)

in which T (r) = fooo tr—le~tdt,r # 0,—1,—2.... The integrals at 0 and oo are meant in the

Cq:

principal value sense: limg_sg qu\{aBJrg,ch}, where B is the unit ball centered at 0 and B€ is the

sin ({7, X)) ;o
S
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Proof. For any =z € R,

dfooo I_%E(x“q)ds B /oo sin (.,L,S)ds
0

dx s
= gsgn (z),
where sgn (z) denotes the sign of x. So
1 — cos (zs) ™

By 3.3.2.3, P586, Prudnikov et al. (1986) and applying (20), we have

— oS q—1)/2 1 _
/ 1 C05(<’T,X>)d 27r / / 1 — cos ||X||scosu) 5592 () du
R4

[Ealkaa
2 q+1 )/2
||X|| il / |cos u|sin?™ 2( ) du

7T(Q+1)/2

—I1XI -
r(+)

. q—1)/2
/ 51D(<T,X>)d 271' / / sin HXHscosu)dssin(F2 () du
R

L
(q—l)/2 m
= || X]| 27r ~sin(s )ds cosusin?™? (u) du
T 0 52 0

So the proof is complete. m

Proof of Lemma 3.1 . Under Assumption 2, E [|X,||* < oo,

2

R, f (X
E!Yt!F:EH” X o,
R.f(X,)|?
<2 | B2 |y op o 2
2 2 2
— || Ef (Xy)||”+2E||n,]|
< 00,
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and, for any 3 €RP

2
Elyl* = Elao+ ByY: +e < cc.

Note exp (z <T, X — X;L>) = cos (<'r, X; — er>) +1sin (<'r, X; — er>), then by Cauchy-Schwarz

inequality,
| m@nreen = [ |k — 8 (Yo~ piy) (exp (i, X0)) — B exp (i (7, X)] [ w (d)

< / B (Y — ))2 Elexpi(r,X;) — Eexp (i (7, X))} w (d7)

2 — COS -+
By~ B Y= ) B | [ 1 cos ((r. X - X))

<E(yr—py— B (Ye - HY))QE X = X7

< 0.
Now

(B, ) = E[(y — py — B (Ye — py)) exp (i (7, X)) E [(ye — 1y — B (Yo — py)) exp (=i (1,Xy))]
=E[(ye—py—B (Xe—py)) (" =y — B (Y —py)) exp (i (7, Xy = X)) ]

=-k [(yt — Hy — B (Y — HY)) (y;r — Hy — B (Y;r - HY)) (1 — exp ( <T X — X;r>))} :
Then by the Fubini’s theorem and Lemma 8.1, we obtain

(ye =y — B Yy — py)) (45 =y — B (Y] — y))
X Jpa (1 —exp (i (7, X — X;))) w (d7)

= =B [(yr —py — B (Ye —py)) (4" — 1y — B (Y —1y)) [ Xe = XF|]]

B (8, 7)) w (dr) = —E
R4

/
where (y;r, (Xf)/) is an i.i.d. copy of (y;,X}). m
The following Lemmas 8.2 to 8.6 further gives some important results regarding integrals
involving the nonintegrable weighting function, which are useful in the proof of consistency and

asymptotic normality of WCIV and WCIVF. Let

Z: (1) = Yyexp (i (1,X,)),

Zi (1) = (Yi = py)exp (i {1, X)) ,
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where py = E (Yy), ?t =Y — fy, iy = %Z?:IY'?'

Lemma 8.2 Let Y, € RP, X, € RY. If (YQ,XQ)' is i.4.d., and E||ng||2 < o0, E||Xt||2
Then

/anZzt w(dr) B [ E[Z (1) w(dT), (21)

Ra

Proof. To prove (21), define the region D (0) = {7 :6 < ||7| <1/0} with § € (0,1). For any
fixed 6 € (0,1), w(7) is bounded on D (J). Hence by weak law of large number (WLLN) and the

continuous mapping theorem it follows that

15 P
/| o DB 5 /| Bl an).

It is obvious that fD(5) LS Z: (T)w (d7) converges in probability to fD(5) EZ, (1) w (dT)
when § tends to zero.

Now it remains to show that

hm lim sup
n—oo

= 0 in probability.

/anzzt /D((S)legzt(ﬂw(ah')

For each § € (0, 1), by triangle inequality,

/anzzt /Daiizt(r)w dr
/T<6 n Z Al / n ZZt

r]>1/6 T =1

S [ES s

/ —ZYt 1 — exp (i (7, X,))] w (dr)

[l>1/6 T i

= Anl + Apo.
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By triangle inequality,

LYV e (i X)) )

Y, /”T [1 —exp (i (T, X)) w (dT)

Z/ 1 exp (i (7, X)) w (d7)

t=1 1—1 7 lITlI<é

Y 1 —exp (i (T, Xp))]w(dT
/”ms[ p (i (m.X1))] w (d7)

EY.FE [1—exp (i (T, X)) w (dT)

Iil<é

+

Since E ([, [1 — exp (i (1, X¢))]w (d7)) = ¢ E [|X¢]| < oo, then

lim B </|r||<a 1 — exp (i {1, X)) w (dT)) —0

By Cauchy-Schwarz inequality,

E

Y, 1—exp(i(T,Xy))] w(drT 1 —exp (i (T, X)) w (dT
fopest 0 G Ko ) [ et X @)

2) 1/2

< (BIv?)” (E

Similarly, E (fp, [1 — exp (i (7, X)) w (7)) = EE | X4||* < o0,

2
%i_I)%E (/7-||<6 [1 —exp (i (T, Xy))]w (d’T)) = 0.

We have

lim lim sup A,; = 0 in probability.

d—0 n—oo

Similarly, we have

hr% lim sup A,2 = 0 in probability.

n—oo

We conclude that (21) holds. m

In Lemma 8.3, the focus is on the process

n
Z , T €RY,

3\
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It is convenient to establish the weak convergence of By, (7) in a Hilbert space. By this ap-
proach the i.i.d. conditions can be relaxed to weakly stationary time series process conveniently.
Specifically, for a fixed J, w (+) is integrable on D (§), therefore, denote v as the product measure
of w(-) on D (6), i.e., dv (1) = w(dr) on D (6). Then we consider By, () as a random element
in the Hilbert space Ly (D (), v) of all square integrable ¢ dimensional functions (with respect

to the measure v) with the inner product

.8 = | L FO) & ),

2
(6)°

If Z is a Lo (D (0) ,v)-valued random element and has a probability vz, we say Z has mean m

L3 (D (6) ,v) is endowed with the natural Borel o-field induced by the norm [|f| ;(5) = (£, f)}{/

and E <<Z,h)H(5)) = (m, h) 5 for any h € Ly (D (6),v). If E HZ||?{(5) < oo and Z has zero
mean, then the covariance operator of Z (or vz), Cz (-) say, is a continuous, linear, symmetric

positive definite operator from Ly (D (0),v) to Lo (D (d),v), defined by
Cz(h)=E [(z, B) ) z} .

An operator s on a Hilbert space is called nuclear if it can be represented as s(h) = »~°2 I; (h, £5) 115y i
where {f;} is an orthonormal basis of the Hilbert space and {l;} is a real sequence, such that
Z;’;l |l;] < oco. It is easy to show, see, e.g., Bosq (2000), that the covariance operator Cz(-) is a

nuclear operator, provided that EHZH%{( 5y < 00

Lemma 8.3 Let Y; € R, X, € RY. If (Y}, X}) is i.i.d., E(Y,|X;) = py, and E||Y||* < oo,
E|IX,|)? < 0o, then

By (1) = By (1), (22)

where = denotes weak convergence in Lo (D (0),v), By () denotes a zero-mean complex valued

Gaussian process with a covariance structure given by

Ay (T,6)=FE [YtYl’t exp (i (T —, Xt>)] —E(Y)E (Y,’f) E [exp (i (T — ¢, X4))]
(B (YoY)) + E(Y0) E (Y)] Elexp i (m, X)) E fexp (~i (s, X))

—F [Yth exp (i (T, Xt>)] Elexp(—i{s,Xy))] — FE [Yth exp (—i (s, Xt>)] Elexp (i (T,Xy))],
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for T,6 € D (9).

Proof. To prove (22), we show B, (7) is tight by Theorem 2.1 in Politis and Romano (1994).
Firstly

7 }:”flE[zt(r)]:o.

n

For a fixed §, by Cauchy-Schwarz inequality, the fact that ||exp (i (T, Xt>)H%1( 5) 18 bounded, and

lla+ b7 < 21lall7s) + 2Bl

(]

Zn(r)H2 ) <E< Y
H(S)

1 n
<CFE (Y g Y,
n
t=1

t

’ 2

) llexp (i <T7Xt>)”§{(6)>

2

H(J))
2
H(5)>

1 n
a2y
i3
For any integer K > 1, by WLLN, Z1 (1), ..., Zg (1) 5 Z1 (1), ..., Zxc (T).

H(

<2CE (Ytim) +

< CE| Y4 < .

lim B <Zl (1), Zsc (T)>H(§)

= lim E(Z; (1) — (ty — py)exp (i (7, X4)), Zi () — (By — py) exp (i (T, XK))) r 5

n—oo

= E(Z1(7),ZK (T)) sy — im E(Z1 (), (by — py) exp (0 {7, XK))) (5

n—o0

= lim E(Zg (1), (ry — py) exp (i (7, X1))) pr(5)
+ HILIISOE ((By — py)exp (i (1,X1)), (foy — py) exp (i (T, XK>)>H(6)
_ / B[Z (7)) B [Z5 (7)) w (d7)

D(s)

=0.

36



Since, for example,

E(Zy (1), (By — py) exp (=i (T, XK))) 1 5)

- / E (21 () (By — poy) exp (~i (7, X)) w (dr)
D(5)

D(s)

-3 o E Y=l e X0 = X))

Zy () % Z (Y: — py ) exp (=i (T, XK>)] w (dT)
=1

n Jp(s

— 0, as n — oo.

Therefore
n

lim E <Zl (1), 7 (T)>

. 2
oy = (122 (0)ly)) <.

Further, for any h € H (9),

U%h =Var ((Bpn (1) ,h)H(5)>

- %Var (<Z Zi () = (Py — py) Y oxp (i (T, Xy)) 7h> )
=1 =1 e

— Var <<Z1 (1) ,h>H(5)) , as n — 00.

Then we conclude B, (7) is tight. Further, for any integer K > 1, By, (T1), ..., Bpn (TK)
are asymptotically normally distributed by the central limit theorem (CLT) and the Slutskey

theorem. Then the weak convergence follows. Further

n—1

2
E [Bpn (1) By, (s‘)/] = ( ) E [Yth exp (i (T — Q,Xt))]

E[exp (i (1 — 6, X))] (iE (Y.Y}) - E(Y)E (YD)

n—2

E(Y,)E(Y]) +

B (Y1) ) Elewp i (. X)) Elex (i (6.X0)

n—1\2
- ( ) E[YYjexp (i (1,Xy))] E [exp (—i (s, X4))]
) E [exp (i (7, X)) E [YiYiexp (—i (s, Xy))] .
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Then we have

Ap(1,6) = E [Y Y exp (i (T — 6,Xy))] — E(Yy) E(Y}) E [exp (i (T — ¢, Xy))]
+ [E (YY) + E (Y1) E (Y7)] E fexp (i (7, X4))] E[exp (—i (s, X¢))]

— E[Y Y exp (i (1,Xy))] E lexp (—i (s, X¢))] — E [Y: Y, exp (—i (s, Xy))] E [exp (i (1, X¢))]

for 7, € D (). m

Lemma 8.4 Let Y, € RP, X; € RY. If (Y}, X}) is i.i.d., and E||Y|* < oo, E||X{|* < .

Then

L VB @ ()P dr) = =B (¥ = ) (Y7 =) %= X7 ).

/ LS 2,r) war) =L SSYVLIX, - Xl
o [ 2 p3

Further,

% z};?}?k I1X; — Xill & E[(Ye — py) (Y) — py) | Xe = X]] - (23)

:
if E(YX,) = py, then
IS X - X = 0,(1). (24)

j7k

. 2
Proof. The analytical forms of [p, ||E (Z: (7))’ w (d7) and [p, ||2 37, Z: (T)H w (dT) are

proved by repeatedly applying Lemma 8.1. The proof of (23) follows the proof of Theorem 3 in
Shao and Zhang (2014). To prove (24), we need to show

IIBnp(T)IIQw(dT)A/ 1By (1)) w (dr).
Ra Ra

For a given §, by Lemma 8.3 and the continuous mapping theorem, we have

/ 1By (7|2 (d7) % / IB, (72w (d7).
D(8) D(s)

It is obvious that fD(a) By (7)||> w (d7) converges in distribution to Jza IBp (7)||? w (d7) when

0 tends to zero.
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For a given 0, following the proof of Theorem 4 in Shao and Zhang (2014), we have

lim lim sup E / | Bpn, (T)||2w (dr)| =0,
6=0  n—oo Iml<s

lim lim sup F / 1Bpn (7')“2‘*’ (dr)| = 0.
lTlI>1/5

d—0 n—oo

Therefore

hm lim sup F =0.

n—oo

[ B (@) = [ B ()17 ar)
Then by Markov’s inequality,

= 0 in probability.

hm lim sup
—0 n—00

2 - P w (dr
[Bpn (7)[I”w (d7) /13@ [Bpn (7)[I”w (d7)

RYe

Finally, by Theorem 8.6.2 of Resnick (1999), we conclude that (24) holds m

Lemma 8.5 Let Y, € RP, X, € RY. If (Y}, X}) is i.i.d., and E||Y|? < o0, E||X,|?

Then
[ B2 O] B2 ()] @ () = B (Yo~ ) (Y ) [1%e = X7
/R % > Zi(7) (Z A (T)) w (dr) = —% NV X - Xl
e t=1 t=1 ik
Further,

1 - -
> S XYL IX, - Xl B E [(Yt — py) (Y = py) || X - X?N :
7.k

If E(Y|X¢) = py, then

/R n Zzt <Z A (7')) w (dr) =0, (1).
! t=1

(25)

(26)

Proof. The analytical forms are proved by repeatedly applying Lemma 8.1. The proof of (25)

is analogous to the one for proving (23) in Lemma 8.4. To prove (26), we need to show

/Rq nZzt (Z 7 (r)> w(dr) % [ B, (r)B(r) w(dr).

Ra
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Again, by Lemma 8.3 and the continuous mapping theorem, for a given 6 € (0,1), we have

L ;gz (izm

When j = k, from Lemma 8.4, we have

1|5
lim lim sup F / — Zj (1) w(dr)| =0,for j=1,...,p,
=0 noso \Jjrj<s ; ’
1| ’
lim lim sup F / — Zj (1) w(dr)| =0,for j=1,...,p,
00 n—oo IrlI>1/6 ™ |3
where th () is the jth element of Z; (7). For j,k =1,...,p, j # k, by Cauchy-Schwarz inequality,
1 n n
E > Zin (1) Y Zfy (1) w (dr)
Irll<é ™ 3= t=1
Ll 2 1/2 Ll 9 1/2
<E / LIS Zi(m)| wiar / S 2 ()] w (dr)
Irl<s ™ |i=1 Irl<s ™ |i=1
e 9 1/2 . 9 1/2
< |E / — th ()| w(dr) E / Zyy (7)| w (dr)
Irll<s ™ |3 (< T ;

So, by the dominated convergence theorem,

/HT||<5 n Z

lim lim sup F
0—0 n—+00

Z Ziy (r

Similarly we can obtain

1 n
— Z it T)
/T>1/6 n tzl TS

lim lim sup F
0—0 n—00

Then for j,k=1,...,p,

n

hm lim sup F
n—oo

/ Z ZJt Z Zkt

/ 1
D) M

t=1

40

> w(dTH/D(a)Bp(T)B (r

> Zjy (r)w (dr)
t=1

Y w(dT).

=0.

=0.

)| = 0.

7)Y Zjy (t)w (dr
t=1




Then by Markov’s inequality, j,k =1,...,n
n

¢ — lnA-TnACT(..JT:
hmhm sup (/anZth )Z i (T)w (dT) /D(é)n;Z]t( );Zkt( Jw (d )) 0

n—oo

in probability. Then by the continuous mapping theorem,

hmhmns}g)o (/Rq nZZt (;%(ﬂ) (dT) / . nZZt (;Zf(‘r)> w(dT)> =0

in probability. Finally, by Theorem 8.6.2 of Resnick (1999), we conclude that (26) holds. m

In the following Lemma, we give similar results without proving them.

Lemma 8.6 Let Y, € RP, X, € RY. If (Y}, X}) is i.i.d., and E||Y|* < o0, E||X,?
E Hf(Xt)Hz < oo. Let Fy (1) = (£(Xy) — B (Xy)) exp (i (7, Xy)), F, (7) = ?(Xt)exp(—i (T, X4)),
where £ (Xy,) = £ (X},) — + ZJ £ (X;). Then

B2 (1) B [F§ (7))  (d7) = —E |(Ye = py) (£ (X7) = B (X)) || X, -

Ra
1 n R n R 1
[ nm Y E ) wlin) = - Y VE XX - Xl
Re T =1 t=1 jk
Further,

1

2 LE X - Xell & B (Yo = py) (£(X7) = B (X)) [|[Xe - XF ] -
7,k

If E(Y|X¢) = py, then

| 232 Y F () wlar) = 0, (1), 1)

The following lemma is Lemma A0 from Hansen et al. (2008).

R'/n, <B—ﬂo) /TnHZ/ <1 + H,@H2> EN 0, then

HR;l (B - ﬁo) /Tn
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Lemma 8.8 Let&j =¢j — % Yoy €t, under Assumptions 1-3,

nr2 253 ikEk = 0p (1),

7,k
1 -1y v/ Rl —
- Z R,'Y;D;. YR, Z f(X;) Djnf (Xp) +o0,(1).
Jik
Proof. Note E (¢|X;) =0, Dj, = — || X; — Xj/|, then by Lemma 8.4,

1 - ~
E ZEijkgk = Op (1) .
g,k

Note 7, = minj<j<q7jn — 00, s0 we have

1 - ~ 1
g 25D = 50y 1 =0 (1.

1 s S | f(X;) .. f(Xp)
-3 R,'Y,; D YR, =) L LR | Dy + 7RV
n s IR n s vn 7] NZD K
! > E(X)) Djf (X )’+1§ f(X;)D ﬁ’Rﬁl/

- ) DA (X)) + — ) Dl

n2 " J J an{ J kMK \/ﬁ

R11 - ~ 1 - B
e DD (Xe) + R =S i Dy Ry
J.k ik

As E (n,|X;) = 0, then %zjkf(X]) Dy, = Op (1), %ng f;ijkf' (Xp) = O, (1) by Lemma
8.6; %ij ;D7 = Op (1) by Lemma 8.5. Further R,;! = 0}, (1) by Assumption 2. So

%ZRﬁl?ijk?éR;”— Zf Diif (Xk)' +0p (1) 0 (1) + Op (1) 0y (1) + Op (1) 0 (1)

Jk

— Zf Djif (X1) +0p (1).

Lemma 8.9 If Assumptions 1-3 are satisfied, then for B = BWCIVv R/, (B — f)’o) /Tn 0.

Proof. Following the same arguments as in the proof of Lemma A3 in Hausman et al. (2012),
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w.p.a.l for all 3, we have

c<(y-v8) (7-v8) < (1+18%).

:\H

On the other hand,

g 559 D(5-99) = 5 5 (553 5~ i)

= > (V80— 8)+25) D (Vi By - B) + 1)

= i (R;z (Bo — (ZR Y, DJkY/R Y R;z (Bo — B)

gk

1 N . 2 =~ -
+— ZEijkEk +(By—B) ) ZYijkEk.

Note

1 f(X;) . . 1 o
7“2 JZkYk;Djkgj TLT% Jzk 7\/5 Djksk + @ Jzk’l’]jD]ké'k

Since E ((e¢,m)’ |X¢) = 0, by Lemma 8.5, %ij 1;Djxér = Op (1), by Lemma 8.6, Z] L £ (X)) Djéy =

Op (1). Then we have

1 5 .
— Z Y Djre; = op(1).
nry 3

By Lemma 8.8, # >k EiDjkér = o0p (1). By Assumption 2, w.p.a.l,y Dk f(X;) Djif (X)) >

C1,, we have, w.p.a.l,

1
nr2

<5’—?5>/D(}~’—?5) :T%(R;(IBO_IB ZR YD YR | Ry (By — B) +o0p (1)

jk

> C||R. (8 — Bo) /ral|”

Let

@<ﬁ>:1<y_?ﬁ>/f)(y_m)-
" (y-¥8) (v-Y8)

Then by Lemma 8.8, and < 3" = O, (1), we have

]1J

1 ~ ~
Zn ijEijkEk

1
Ejlj

Q(ﬂo)‘ =
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Since By oy = argming Q (3), we have Q (BWOIV) < Q(Bp). Therefore w.p.a.1

2

HRZ <BWCIV - /30) /Tn

“ 2
1+ H,@WCIVH

-

< CQ (Bwerv) < CQ(By) >0,

0<

implying
2

HRZ (BWCIV - ,30) /Tn

N )
1+ HBWCIVH

Then by Lemma 8.7, we arrive at the conclusion. m

Lemma 8.10 If Assumptions 1-3 are satisfied, R), (B — [30) /Tn 20, then

2 (7=¥B) D (7-¥B) = 5 > (55~ }B) Dy (31~ ¥1B)

7.k
= (R (80 8) /m) | L R0 TR R (80 B)
7.k

1 ~ _ _ - 2 y ~
+— g &iDjeér + (raR; ) R, (/30 - 5) /Tn—5 D Y;jDjré.
T rn

By Lemma 8.8, R/, (B — ,30> /Tn 2o,

R, =0 ("), and 5 32, YiDjkj = op (1), we
have
1 /. ~.\/ _ o~ 9
- (y—YB) D(y—Y,B) :op(rn).
Then by the continuous mapping theorem, the result follows. m

n

Proof of Theorem 4.1. Note firstly when R/, (B — ,80> /T 20, then by Umin (R.R/r2) >
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Dmin (f{nﬁg > 0, we have

HR;«L (B - 50) /Tn

> 19min (RTLR;L/T?%L)

3-8 = c|B- 8

)

implying [3 2 By Therefore, for WCIV, this follows from Lemma 8.9. For WCIVF, note that

firstly i / i
Awery = (S’ - Y?WCHJ ]/) <5’ _~YI@WCIV> =0p (7"721)
(5’ - YBWCIV) (5’ - YBWCIV)
Then

Awerve = [;\WC‘IV - (1 - 5\WCIV) C/n] / [1 - (1 - 5\WCIV) C/n} =0, (r2).

R;, (BWCIVF - 50) /Tn

=R/, [?/ (D — S\WCIVFITL) ?] - [?/ (D - XWCIVFI”) S’} /Tn

-1

G 1—s S S

R, (n > YDy - n)\WCWFY’Y) R, 1’]
j?k

(1 ~ . 1. &~
X I{n1 (n ZYijkEk — n)\WCIVFYls) /T‘n.
j7k

Since Y'Y =0, (n), Y'& =0, (n), IR, Y| = O ('), therefore

—1
RT”XWCIVF?/?R;U =0 (r,') O(1/n)op (r2) Oy (n) O () = 0, (1),

Ry Swerve¥'e/r =0 () 0(1/n) 0, (12) 0y () O (1) = 0, (1).

- ) f (X, 5 il s
R, > Y;Djp/rn = - > (\/ﬁ])Djk@k/rn + Rnlg > 71 DjEr/rn
Gk Gk gk
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Further, by Lemma 8.8, we have

. 1 - -
R, (Bwervr —Bo) /o= | o D EX) D (Xa) +0,(1) | 0, (1) = 0, (1).
j7k
Therefore, BWC IVE EN Bo- Finally, by the continuous mapping theorem, &y cory EN ag, QWCOIVE EN

ap. N

Proof of Theorem 4.2. Note, for 3 = BWOIV or BWCIVF, A = Awerv or Awerve

p=[¥(p-i)¥Y] [¥(D-i1)5].

R;, (8- 8)
- R, [?’ <D - XIH) ﬂ B [?’ (D - XIn) é} )

n

1 - - 1ewm,~
= R[> Y, D, Y, — 2 \YY|RY
n n Z JHik Yk n

g,k
(1 ~ R P
x R, (n jzk:Yijksk — nAY’s) :
R, oron—l -1 2 -1
. AXY'YR, =0(r,")O(1/n)oy(r7) Op(n)O (r,") =0, (1).

=0(1/n)op, (r2) Op (1) + O (1/v/n) 0, (r2) O (r; ') Op (1)

Since by CLT, ﬁzj 1,5 = Op (1), ﬁzjf(Xj)ék =0, (1), and rj, = V/nor rj,//n — 0
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by Assumption 2. Therefore

-1

- _ 1 ~ ~ _ 11 ~ 5
R, (5-8) = |R! (2 9,0,% | R RS VD8 40,0,
j7k ]7k

By Lemma 8.8, we have
_ 1 ~ ~ _ -
VIR | =3 Y0, | RVR | R (B - 8)
Jk

41 - -
Jik

=A, +0p,(1).
Now
_ I S i .
Av= ViRt [ ; exp (i (7, X;)) & exp (~i {7, X)) w (d7)
Ra V1 j=1 k=1
_ 1o g .
- ﬁRnl/ = " Yjexp (i (1,X;)) —= > Erexp (—i (1,Xy)) w (d7)
Re TS vn k=1
1~ )
= vnR ! /Rq - ZYJ exp (i (1,X;)) Bip (7)°w (d7),
j=1
where
1 . ,
B (1) = =2 Fkexp (i (7, X))
k=1
By Lemma 8.4

Bln(T):>Bl(T),

where By (-) denotes a zero-mean complex valued Gaussian process with a covariance structure

given by

AL (7,6) = B [gf exp (i (T — ¢, X))] + E (£7) E [exp (i (7, X4))] B [exp (i (5, X4))]

— E [ exp (i {1, X))] B [exp (—i (¢, X¢))] = E [} exp (=i (s, Xe))] E [exp (i (7, X4))],

for 7,6 € D (9).
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For a fixed 4, by the Slutsky theorem and the continuous mapping theorem,
/ Z 7, (1) Bun (+)° w (d7) B /  EIZ ) B ) ().
D

Then in the same spirit of proving 8.5, by Cauchy-Schwarz inequality

1~
E — ZtTBn dr
[ S
I 2 1/2 1/2
FE — Zt‘r w (dT B, dr
<Bl| [ L) v (/T”<6| 1 () >)
9 1/2

n

> Z(7)

t=1

1/2
: 2
=7 /|r||<6”2 L (E </r||<a|Bln(T)| w(dT)>> |

Then by the dominated convergence theorem,

n

/ LS % (7) Bua (7)° w (d7)

lim lim sup F
0—0 n—o00

Similarly we can obtain

lim lim sup F =0.

6—0 n—00

/ - Z Z; (1) B (1) w (d7)

Ir]|>1/6 T =1

So we conclude that

Rn d
—A, = EZ B ‘wdr).
N (2 (7)] By (1) w (dT)
Given the fact that the integrated weighted Gaussian process follows a normal distribution, so
we have
R, R, »
—Var(A,) —=2 > Q(0
\/ﬁ CLT( n) \/ﬁ ( 0)
where

200 = [ [ B2 B2 (o) A (.6 w (dr)w (ds)

= Sl (00) + 82 (90) — Sg (00) — Sg (00)/ .
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To derive the analytical form of © (8), we plug A1 (7,6)° into € (0y):

Q (6y) = /R | P Bz (s

) { B [e2exp (i (T = ,X0))] + E (¢7) Elexp (—i (7, X)) B [exp (i {s, X,))]
—E [

w(dr)w (ds),
ef exp (—i (1, X¢))] E [exp (i (6, X4))] — B [} exp (i (5, Xy))] E [exp (=i (1, X4))]

By the Fubini’s theorem and Lemma 8.1,

(Y¢— py ) exp (i (1, Xy)) (Y;' — ,uy) exp (2 <§, X?‘>)

S1 (80) = / E w (d7) w (ds)
Re JRY xef T exp (—i{T -, X;/T))

[ o _ exp (i (1.X, — X+
:/ > g (Y — py) P( < , Xt — X, >> w (d7) w (ds)
Re JRa

(YT = ) e (56, X~ X7)

w (d7) w (ds)

:/ 5 _ e (Y — py) (1 —exp (i (7,X¢ — X))
Re JRRY I X (Y:_—Hy)/ (1—€XP (Z<§7X?_+_X?_>))

[ (Y — ) [L— exp (5 (7 Ko — X)) w (d7)
o (Y7 i)' [1— e (6 X7 X)) ()

= B[ (Y ) (Y7 — ) [0~ X7 X7 - X7

$200) = [ [ BIYi— y)exn (i (r X B0 = py) exp (=i 5. X0))]
x E (}) E [exp (=i (1, X))] E [exp (i (s, X¢))] w (d7) w (ds)
— B () / E[(Ye - ny) (1—exp (i (7. X, — X)) w (d7)
Ra
x /R E[(Ye — py) (1—exp (i (6. Xi — X,)))] w (de)

=E () E((Ye— py) || Xe = X)) E (Ve — py) [|Xe = X)) -
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S3 (60) = /Rq RqE[(Yt—uy)exp (i (T, X)) E[(Yy — py) exp (=i (s, X))
x E [ef exp (=i (1,X4))] E [exp (i (s, Xy))] w (d7) w (ds)
- /RE 72 (Y1 — py) (1 — exp (i (7, X; — X;)))] w (dr)
x/RqE[(Yt_ W) (1 exp (i (6, X[ — X)))] w (ds)

= B (&7 (Yo =) [Xe = X)) B((Ye = ) [Xe = X7]) -

The last term in Q () :

L[ 100 =y exo 6 (r XL B Y = oy ) exp (=i (6. X))
x B [e2 exp (i (6, X))] Bexp (—i (1, X4))] w (d7) w (ds)

_ /R E[(Ye— py) (1—exp (i (7. X, — X)) w (d7)

x /]R B2 (Y0 — my) (1 — exp (i (6, X — X,)))] w (ds)

=S5 (6)'.

Finally by the Slutsky theorem, we arrive at the conclusion. m

Proof of Theorem 4.3. For é = éWOIV or éwc[\/F, XZS\WC]V or S\WCIVF;

$1(03) = 15 3394 ()" 0 (3) Du (1)

j=1 k=1 I=1

1 n.n n 9
ZEZZZYJY;€61< ) lel
J=1k=11=1
1. n n n
— A Y Y VY (

j=1k=11=1 )
1 n.n n.
— AN V¥ () Dut
j=1k=11=1
1 .9 n.n n. N2
+$)\ ZZZYjY;CEZ (9) Iklljl
7j=1k=1

=1 1l=1

D1y,

= A1, — Ay — Az + Ay
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where Ij; denotes the (k,[)th element of I,,.

1. non. N2
AZ"ZEAZZYnggl (0) Djl
=1 j=1
;\1 n n

since by Lemma 8.10, A= op (7’721), and

S (0) D= LS WD 4o, ()

=1 j=1 =1 j=1
= B[(Ye— i) (Y7 = py) 72 [ X = X{ || + 0, (1)
=0p (1)

1 .2 n n n o N2
A4n:$)\ Z jY;cel (0) Ik:lI]l
Jj=1k=11=1
1 2~ = 2
— V! 0
= SN Y ¥, Ve (8)
7j=1
=op(1)
Now
1 & N2 1 = - 1~
Al"_gz &l <0> EZY‘jDﬂ ZYkal
=1 j=1 k=1
We have

YDt /R B (Y = py)exp (i (7 X = X)) w (dr) = =B [(Y; = ) 11X = Xill,
j=1

%Z?ZDM 5 /R By [(Yk — py) exp (i (6, Xy — Xp)) | w (ds) = =B [(Yi — py) [ Xk = X4l]
k=1 !

where E; denotes the expectation in terms of (Y, X;). So by the continuous mapping theorem,

o1



we conclude that S, (9, 5\) 2 81 (8y). Analogously we can show
S, (8,1) % 82 (60).
S, (é, X) 285(60).
Then by the continuous mapping theorem,
0 (a,x) 2.Q(6)).
. /e 1 - - 1 e~
T(3) = =2 YiDp Y - SAY'Y.
jk

Since Dk YD1 Y, =T +0,(1) by Lemma 8.5, #5\?'? =0 (1/n?) 0, (r2) O (n) = o, (1),

n

we have

Y ()\) A
By the Slutsky theorem
(ViR (0.3) vimy ) (VBT () Ry V) R, (B By) S N (0.1,
In other words,
R, (ViR VT (A) Ry i) ViR, (0.4) ViR, (ViR T (V) R, Vi) R,

is a consistent variance estimator for (B — ,@0). On the other hand, by the first-order Taylor

expansion, under Hy),
g(8) =58y +G(B) (B-5,) =G (B) (B-8)-
where 3 is vector between B and 3, B 2 Bo- Then

G () (v (1))
< VAR,V (8,4) ViR, (ViR VT (V) R vi) T RVG (B)

S @T() 8@ T() o 3
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is a consistent variance estimator of g (B) Therefore

W, (9) 4 X2,
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