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Abstract

This study proposes new instrumental variable (IV) estimators for linear models uti-
lizing a continuum of instruments. The effectiveness of the new estimation method is
attributed to the unique weighting function employed in the minimum distance objective
functions. The proposed estimators enjoy analytical formulas and are nuisance-parameter-
free, avoiding the choice of an arbitrary number of moments or bandwidth in previous
literature. They are robust to weak instruments and heteroskedasticity of unknown form.
Moreover, they are robust to the high dimensionality of included and excluded exogenous
variables. Further, inference drawn from these estimators is also straightforward. Com-
prehensive Monte Carlo simulations confirm that the proposed estimators exhibit excellent
finite-sample properties and outperform alternative estimators over a wide range of cases.
The new estimation procedure is then applied to gauge the elasticity of intertemporal sub-

stitution (EIS) in consumption, a parameter of central importance in both macroeconomics
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and finance. For quarterly data of the U.S. from Q4 1955 to Q1 2018, the EIS estimates
obtained through our approach exceed one and are statistically significant. These find-
ings persist across model transformations, distinct sets of IVs, various data structures, and

different data ranges.
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1 Introduction

A substantial body of the econometric literature has been dedicated to instrumental variable
(IV) methods designed to address the issue of endogeneity within linear models. However, the
effectiveness of these methods is compromised by the weak instruments problem, which occurs
when the strength of instrumental relevance is inadequate. The widely used two-stage least
squares (2SLS) method is particularly susceptible to this issue. According to Staiger and Stock
(1997), the 2SLS and limited information maximum likelihood (LIML) estimators are inconsis-

1/2 Jocal-to-zero parametrization

tent and converge instead to non-standard distributions in a n~
of the first-stage regression, where n represents the sample size.

While the assumption that the number of instruments is fixed underpins the conclusions of
Staiger and Stock (1997), Chao and Swanson (2005) revealed that employing numerous weak
instruments can enhance the estimation accuracy of the LIML and bias-corrected two-stage least
square (B2SLS) estimators. However, as pointed out by Bekker and van der Ploeg (2005) and
Hausman et al. (2012), the consistency of the LIML and Fuller (1977) (FULL) estimators could
falter in the presence of heteroskedasticity of unknown form and weak instruments. To address
this issue, Hausman et al. (2012) proposed a heteroskedasticity-robust version of the FULL
(HFUL) estimator, which is based on a jackknife version of the LIML estimator, referred to as
HLIM. They demonstrated that HFUL outperforms alternative estimators, such as the jackknife
IV estimators (JIVE) developed by Phillips and Hale (1977), Blomquist and Dahlberg (1999),
Angrist et al. (1999), and Ackerberg and Devereux (2009). It is worth mentioning that the
existing studies on many weak instruments originate from a large body of literature on many
instruments, such as Morimune (1983) and Bekker (1994). See also the comprehensive survey of
Anatolyev (2019).

However, in practical applications, determining an appropriate number of instruments for
the standard many weak IV estimators poses an exceedingly formidable challenge. In particular,
within the context of linear reduced-form setups, the asymptotic properties of these estimators
critically hinge upon the intricate interplay between the number of weak instruments and the

so-called concentration parameter, a measure of IV strength typically unknown in real-world sce-



narios. Regrettably, the reduced form specification itself often remains elusive in most instances.
Consequently, these estimators necessitate that the linear combination of an increasing number
of instruments approximates the reduced form sufficiently well as the sample size approaches
infinity. As such, established guidelines for determining the optimal number of weak instru-
ments are conspicuously absent in the literature. The Monte Carlo simulation results presented
in this work demonstrate the discernible sensitivity in the finite-sample properties of HFUL to
variations in the number of instruments.

We introduce two IV estimators that effectively utilize a full continuum of instruments,
offering the distinct advantage of being free from user-chosen parameters. Notably, the proposed
estimators maintain analytical formulas and possess a natural jackknife structure, resembling
HLIM and HFUL. We designate the HLIM-like estimator as WCIV, as its objective function
involves a weighted continuum of IVs. The Fuller-like variant of WCIV is labeled as WCIVF.
We establish the consistency and asymptotic normality of WCIV and WCIVF in the presence
of weak instruments and heteroskedasticity of unknown form. Inference derived from these
estimators is also straightforward. Extensive Monte Carlo simulations substantiate that WCIV
and WCIVF consistently outperform HFUL and other competitive estimators across a wide range
of scenarios. Subsequently, we employ WCIV and WCIVF to estimate the EIS in consumption,
using macroeconomic datasets from the U.S. For the quarterly data ranging from Q4 1955 to Q1
2018, the WCIV and WCIVF estimates of the EIS are significantly above one and statistically
different from zero. These findings hold over model transformations, distinct sets of IVs, various
data structures, and different data ranges.

This study contributes in two primary ways. Firstly, it provides an enhanced methodol-
ogy for estimating linear models characterized by the presence of (many) weak instruments and
heteroskedasticity of unknown form. In this context, the challenge of selecting an appropriate
number of IVs for the standard many weak IV estimators proves to be exceptionally daunting.
The uniqueness of our approach lies in its utilization of a novel non-integrable weighting function
in the minimum distance objective functions. This weighting function enjoys several attractive
features which have important implications for estimation efficiency and robustness. One of the

outstanding features is that its moment weights within a neighborhood of the origin tend to



infinity. This is extremely important in terms of estimation efficiency, as the sample moments
generated from the continuum of IVs are most informative within this vicinity. We theoretically
demonstrate that WCIV is only slightly less efficient than 2SLS under some classical regular-
ity conditions. Moreover, this weighting function is an increasing function of the dimension of
included and excluded exogenous variables, indicating a “bless of dimensionality”. We rigor-
ously show that our approach can always identify the parameters as the dimension of exogenous
variables goes to infinity. This feature is also important because, in the presence of weak in-
struments, it is advantageous to incorporate more excluded exogenous variables to augment the
IV relevance, and incorporate more included exogenous variables to safeguard against model
misspecification or to approximate unobservable factors. In addition, through this weighting
function, the minimum distance objective functions and, consequently, WCIV and WCIVF esti-
mators enjoy analytical forms; therefore, they are easily computable. Lastly, under this weighting
function, the objective functions enjoy a jackknife representation, which ensures that WCIV and
WCIVF are robust to heteroskedasticity of unknown form. To the best of our knowledge, no
previous weighting function has demonstrated all the above properties simultaneously.

Secondly, the WCIV and WCIVF estimates of the EIS in consumption offer a promising
resolution to a persistent discrepancy observed between the EIS values in various model cali-
brations and the estimates from macroeconomic datasets. Many theoretical model calibrations
necessitate significantly large EIS values to produce results that align with the stylized facts of
macroeconomic dynamics. However, the majority of the previous empirical studies, such as Hall
(1988), Campbell (2003), Yogo (2004) and Ascari et al. (2021), consistently report relatively
small EIS values. We argue that the linear reduced forms assumed by these studies may be
debatable. Existing empirical evidence suggests that linear serial dependence is not significantly
present in asset returns and consumption growth at macro level. Therefore, these EIS estimates
may be severely biased.

A continuum of instruments (moments) has been utilized in consistent specification tests
for models defined by conditional moment restrictions; see Bierens (1982), Bierens (1990) and
Bierens and Ploberger (1997), among others. Likewise, a continuum of moments has been

utilized in estimation procedures for models defined by conditional moment restrictions, such as



Dominguez and Lobato (2004) and Hsu and Kuan (2011). These studies mainly focus on the
consistent parameter estimation of nonlinear models under minimal global identifying conditions.
For linear models, Escanciano (2018) and Antoine and Lavergne (2014) utilize a continuum of
moments akin to the one adopted in this study. However their minimum distance objective
functions employ integrable weighing functions, and their IV estimators generally exhibit inferior
or comparable performance to HFUL, as observed in Antoine and Lavergne (2014), and fall short
of the performance achieved by WCIV and WCIVF, as demonstrated in this study. In particular,
we illustrate that their approach fails to identify parameters when the dimension of exogenous
variables goes to infinity. In contrast, Carrasco and Florens (2000) have introduced an optimal
estimation framework involving a continuum of moments, extending the generalized method of
moments (GMM) introduced by Hansen (1982). In the pursuit of estimation efficiency, their
minimum distance objective function employs a random weighting function, which is analogous
to the optimal weighting matrix in GMM. This approach depends on a regularization of the
optimal covariance operator to address an ill-posed estimation problem which we avoid.

The remainder of the paper is organized as follows. Section 2 introduces the model setup
and the new IV estimators. We provide simple analytical formulas for WCIV and WCIVF,
and a valid Wald test statistic for parametric inference. Section 3 introduces the non-integrable
weighting function and the minimum distance objective functions. Section 4 establishes the
asymptotic theory of our proposed IV estimators. Section 6 conducts a comprehensive Monte
Carlo simulation study. Section 7 presents the application of estimating EIS in consumption.
Section 8 concludes. The proofs are presented in the Appendix.

Throughout the paper, the imaginary unit is s = /—1. For a complex-valued function f (-),
its complex conjugate is denoted by f¢(-) and |f (-)]> = f () f¢(-). The scalar product of vectors
T and ¢ in a Euclidean space is denoted by (7,¢). The Euclidean norm of X = (Xj,..., X)) in
Cis || X, where |X]||* = 7.1 X;X¢. Variables X and X* are independent copies of X,
that is, X, X** and X are independent and identically distributed (i.i.d.). ¥ (A) denotes
the smallest eigenvalue of a symmetric matrix A. Throughout, let C' denote a generic positive

constant that may be different in different uses.



2 Model Setup, A Continuum of IVs and New IV Esti-
mators
The model we focus on is defined as follows:
y=a+08Y +e,t=1,..n,

where Y, is a p X 1 vector of regressors. The model under the true parameter is

Y = O +/66Yt +€Ot7 t = ]_, N

Potentially, Y, is correlated with ;. The IV approach posits the existence of a ¢ x 1 dimensional

vector of exogenous variables X; (excluding a constant), ¢ > p, such that, almost surely (a.s.)
E (60t’Xt) =0. (1)

In this setup, Y; contains the included exogenous variables. Correspondingly, X; contains these
variables in addition to the excluded exogenous variables. The instrumental exogeneity condition
(1) is a conditional moment restriction that is frequently encountered in macroeconomic and
financial econometric models. Examples of such models include log-linearized Euler equations
in asset pricing models, dynamic panel data models, and new Keynesian Phillips curves, among
others.

With the exogeneity condition being satisfied, the formal identification of the parameter
B, hinges upon the conditional expectation E (Y;|X;). In this context, consider two distinct

parameter (ay, ;) and (ay, 3,) values; they are observationally equivalent if and only if
E (Z/t — 01 — ﬁllYt|Xt> =F (yt — Qg — ,Blet|Xt) ,

(a1 —az)+ (B, — By) E (Y:X,) =0.

It is evident that the identification strength of 3, is directly contingent on the nature of

E(YX,), while oy is always strongly identified. When E (Y,|X,) flattens to zero as the sample



size increases, as indicated by Assumption 1 in Section 4, the IV estimate of 3, may suffer from
the weak identification problem.

This study employs a continuum of instruments defined as:
exp (i (T, X)), for all 7 € RY,

and the continuum of unconditional moment restrictions based on it has the form

E{{ye — m, — By (Ye — py)] exp (i (7, X;)) } =0, for all 7 € R, (2)

where p, = E(y;) and py = E(Y,;). It is noteworthy that the parameter ag is eliminated.
Clearly, there exists an equivalence between (1) and (2) following Stinchcombe and White (1998).
While we employ a full continuum of instruments, our proposed estimators, WCIV and

WCIVF, enjoy convenient analytical formulas. To elucidate these estimators, let Y = [Y7, ..., Y,.]’,

y = [y1 ---,yn]', Y = %Z?:lth Y= %Z?:l y;. Define
Y=[Y,-Y,..Y, - Y

and

!/

Y= —U =9l -
Let D be a square matrix of size n, with D representing the (j, k)th element, defined as
Djk = — HX] — Xk” y j,k = 1, .
The WCIV estimator is given as

. - . ~1-1 . .
Bwerv = [Y’ D — )\WCIvIn> Y] Y’ (D - AWCIVIn) y (3)

S

N _ A~/
awerv =Y — BWCIVY> (4)

where I, is an identity matrix of size n, and S\WC 1v is the smallest eigenvalue of (Y’ Y) ' YDYwith
Y = [Sf, ?} The WCIVF estimator aligns with the WCIV estimator (3), but replaces Mwory
by

P\WCIV - (1 - S\WCIV) C/n] / [1 - <1 - 5\WCIV) C/n} :
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Clearly, WCIV and WCIVF resemble HLIM and HFUL, respectively, as D;; = 0 for j =

1,...,n. It is worth recalling that conventional k-class IV estimators take the form

= [Y*’ <P - S\In> Y*} Ty (P . X1n> y,
B

where Y* = [¢, Y], with ¢ representing a vector of ones, and P is a matrix that depends on an

n x m matrix Z of instrumental variable observations with rank (Z) = m > p + 1. 2SLS

corresponds to P = Z(Z'Z)"'Z/, with A = 0; JIVE corresponds to P = Z(Z'Z)"'Z' —

diag (Z (2'Z)" Z') and A = 0; LIML corresponds to P = Z(Z'Z)"'Z’ and ) that equals

to the smallest eigenvalue of (Y*’Y*)fl Y*PY" with Y* = ly, Y*]; HLIM corresponds to P =

Z(Z'Z) " Z'—diag (Z (Z'Z) " Z/) and A that equals to the smallest eigenvalue of (Y*Y*) ™ Y*PY".

Finally, HFUL employs

AmruL = [;\HLIM - (1 - 5\HLIM) C’/n} / [1 - (1 - 5\HLIM) C’/n]

in HLIM.
Moreover, the valid Wald test statistic for parameter inference is easily computable. Consider

testing the parametric restriction of the form

Hy : g (Bo) =0, ()

where g (-) is a continuously differentiable function from R? on R™ with m < p. To describe
the Wald statistic, let 8 = (o, B)’, & (0) = y; — a — B'Yy, Y,=Y,-Y,D (A) =D — AL, and

Dji. (\) denote the (4, k)th element of D (\). Define

Q0.0 = >SS Ve (0) Dy () D (Y

(0,0 = %Za(ef (ZZ%%(A)) (Z ?;Djkm)
0,00.)) - %(ZZak<9>2?jﬁjk<A>>< ¥ }ku)),



further

Q(0,)) =1 (6,)) + 2 (0,)) — Qs(6,\) — Q% (6,)),

and

T (\) = 19D A)Y.

n2

For (é,ﬂ) = (éwolv, 5\W01v> or <9WCIVF, S\WC[VF>, the Wald test statistic is constructed as

o) =3 (01 (0) 0@ T() '6()) ). o
where G (8) = dg (8) /83". The inclusion of A in these estimators follows a similar methodol-

ogy as employed by Hausman et al. (2012) and is anticipated to yield enhanced finite-sample

properties.

3 Minimum Distance Objective Functions and Non-integrable
Weighting Function

In the previous section, we have introduced the WNIV and WNIVF estimators, which are formu-
lated from the continuum of moments (2). In this section, we introduce their minimum distance

objective functions based on a unique non-integrable weighting function. Denote

h(B. 1) = E[(y—p,— B (Yi— py))exp (i (1, X,))]

= El(e; — E (&) exp (i (1,X,))]

and its sample analog

1~/ - :
h (B, T) = n Z (yt - ﬂ/Yt) exp (i (7, Xy))
t=1
where 7; = y; — y. An IV estimator can be attained by minimizing the sample analog of the

following distance measure:

[ (T w ),

where W (-) is a positive weighting function for which the integrals mentioned above exist.

10



Undoubtedly, the function W (-) plays a pivotal role in the pursuit of estimation efficiency of
the IV estimator, functioning in a manner akin to the weighting matrix in the GMM objective
function outlined by Hansen (1982). As such, higher weighting values should be allocated to
more informative sample moments in the minimum distance objective function. It can be shown,

under some regularity conditions,

B (|Vitha (80, 7)) = B [2, (14 B (exp (i (7. X)) — 2008 (7. X = X[)))]

Clearly, as ||7|| — 0, E (|\/ﬁhn (Bo, T)|2> — 0. Hence, weighting values as high as possible in
a neighborhood of the origin are extremely preferable. To this end, we adopt a non-integrable

weighting function, such that
(¢ — 1N
(2m)"2 |||

W(r) = (7)

where ¢!! is the double factorial,

;

q¢-(¢q—2)..5-3-1 ¢>0odd
gt = q-(¢q—2)..6-4-2 ¢>0even

1 q=—1,0.

\

One outstanding feature of (7) is that its values tend to infinity as ||7| — 0, being substantially
different from the standard normal density function employed in Escanciano (2018) and Antoine
and Lavergne (2014). Figure 1 illustrates this fact for a standard normal density function, and
(7) with ¢ = 1.

Another important feature of (7) is that it is an increasing function of ¢ for fixed 7. Note
that, by applying an approximation to (¢ — 1)!!, when ¢ > 1, we have

e )/

il \2me |~

where ¢ = /7 when ¢— 1 is even, and ¢ = /2 when ¢ — 1 is odd. Therefore, for a fixed value ||7||
in a neighborhood of the origin, values of W (7) increase as ¢ increases, indicating a “bless of
dimensionality” in terms of estimation efficiency. In contrast, a g-dimensional standard normal

density function is a decreasing function of ¢, for given ||7||. Notably, its value equals (271)7(1/ 2
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Figure 1: Standard normal density function (dashed curve) vs. 1/(77?) (solid curve)

at the origin, being the maximum, and shrinks to zero when ¢ increases.

The non-integrable weighting function was first introduced by Székely et al. (2007) in the
statistics literature. Studies involving this weighting function include Székely and Rizzo (2009),
Székely and Rizzo (2014), Shao and Zhang (2014), Davis et al. (2018), Zhang et al. (2018), Yao
et al. (2018), and Wang (2024) in a testing framework. In the subsequent discussion, we write

[ o BB o [ e @)

(2m)" !

(g—1)!

WdT for notational simplicity.

where w (d1) =
The third feature associated with the non-integrable weighting function is that [g, [k (3, T) *w (dT)

enjoys a convenient analytical form, as demonstrated by Lemma 3.1.
Lemma 3.1 When E (¢2) < oo, E || X, < o0,

R (B, 7)] w(dr) = —E [(e — E (&) (¢ — B (e0)) [|Xe = X7 ]] (8)

Ra

12



/
where (5?, (X;r)/) is an i.i.d. copy of (g4, X})'.

Proof. See the Appendix. m
Beneath the specialties of the non-integrable weighting function (7) lies a fundamental prop-

erty regarding parameter identification, as demonstrated in the following proposition:
Proposition 3.1 When E (€2,) < oo, E | X,|* < o0, for ¢ — oo,
E (€0t‘Xt) =0 a.s.

if and only iof
E [eoied; || Xe — X ||]] =0 and E (gor) = 0.

/
where (55@, (XZF)/> is an i.i.d. copy of (gor, X})'.

Proof. See the Appendix. m

This proposition indicates that B is always identifiable by [5, [l (B, 7)|?w (dT) = 0, even
as ¢ — oo, implying the high-dimensional robustness of WCIV and WCIVF.

It is also worthwhile mentioning that it is conceivable to introduce a random weighting func-
tion following Carrasco and Florens (2000). However, this approach becomes extremely chal-
lenging under weak instruments, heteroskedasticity of unknown form and high-dimensionality of
exogenous variables, as it requires a regularization of the weighting function which introduces
a nuisance parameter and proves intricate to implement in practical applications. In contrast,
our approach employs a nonrandom weighting function in the distance measure, effectively cir-
cumventing the challenging issues of determining an appropriate number of instruments or a
nuisance parameter.

While it is feasible to derive a new IV estimator by minimizing the sample analog of (8),
Monte Carlo simulations have revealed that this estimator can be significantly biased in the
presence of weak instruments and high-dimensionality of X;. To address this issue and improve

estimation accuracy under such circumstances, the WCIV objective function is constructed like
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a LIML objective function such that:

. Jpa |0 (B, T)[* w (dr)
B, = arg min T
P E [(?Jt — My — s (Y, — H’Y)) ]

Qo = My — Boky- (10)
Subsequently, the WCIV estimator is defined as:
¥ o (s
5o (5-%9)

By ey = arg min

N _ A~/
awerv =Y — 5W01VY- (12)

The derivation of the WCIV estimator formula (3) is straightforward and analogous to the
derivation for HLIM. Moreover, WCIV remains invariant to normalization, similar to HLIM.
Further, in order to guard against the potential moment problem of WCIV, we propose the
WCIVF estimator, following the approach presented in Fuller (1977), Hahn et al. (2004), and

Hausman et al. (2012).

3.1 Comparison with Antoine and Lavergne (2014)

It is worth mentioning that the continuum of moments F [(y; — 0,Y7) exp (i (7, X,))] = 0, for
all 7 € R?, is also employed in Antoine and Lavergne (2014). Using a standard normal density

function in the objective function, their minimum distance (MD) estimator is calculated as
0p=argmin (y — Y'0) K (y -~ Y'0),

where K is a n X n matrix, such that Kj, = exp (— [|X; — X /2) for j # k, and Kj; = 0 for
j,k =1,..,n. Note that exp (— [|X; — Xe|I? /2) =1 # 0, when j = k. Therefore the diagonal
elements of K need to be set to zero to form a jackknife representation.! Their weighted MD

(WMD) estimator is
(y —Y'0)K(y—Y"0)
(y =Y"0) (y - Y*0)

OWMD: arg min
0

!The MD estimator, without setting zero values for the diagonal elements of K, corresponds to the IV estimator
proposed by Escanciano (2018).
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Correspondingly, we have
0,p=[Y'KY"] ' Y'Ky,
~ A -1 -
Ownp = [Y*/ (K - AWMDIn> Y*} Y (K - /\WMDIn> Yy, (13)

where 5\W Mp 18 the minimum value of the objective function, which can be explicitly computed
as the smallest eigenvalue of (Y*’Y*)fl YYKY" with Y* = [y, Y*]. The Fuller-style variant of

WMD (WMDF) is obtained directly by replacing Ay asp in the WMD estimator (13) with
[S\WMD — (1 — 5\WMD) C’/n] / [1 — (1 — S\WMD> C/n] )

It may appear that both WMD and WCIV (WMDF and WCIVF) share many similarities,
but they are constructed on distinct estimation frameworks. In particular, WMD and WMDF
are not robust to the high-dimensionality of X;. To see this point, note that the minimum

distance objective functions of WMD and WMDF are based on the population moment
E (g —0'Y7) (i = 0¥ ) exp (= X0 = XF[* /2) ]
By Cauchy-Schwarz inequality, it is easy to obtain
B (e - 0Y7) (i — 07 ) exp (- X0 = X7 /2) ]|
< 8 (- ov) [ (o (- I% - X))
< c @) [B (e (- % -x/7))] "

because under some regularity conditions, F ((yt — 0'YZ‘)2> is finite for each 8. As ¢ — oo,
E <exp (— HXt - X H2>> — 0. To further understand this, assuming the components of X; =

(X1t ..., Xgt) are i.1.d., then

B (exp (= |1X = X)) = [B (ex0 (- (X - X5)*)) ]

Since 0 < E (exp (— (Xu —X;)Q)) <1 asq— oo, E (exp (- e —XjH2)) 5 0 expo-
nentially fast. This result holds for any 6, implying @, will not be identified when ¢ — oo. In
other words, strikingly different from WCIV and WCIVF, WMD and WMDF are not robust to

the high-dimensionality of X;. The Monte Carlo simulation results reported in the Appendix
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illustrate that the finite-sample properties of WMD and WMDF deteriorate severely in the case
that the elements of X, are i.i.d. even when ¢ is moderate, while WCIV and WCIVF maintain

execllent finite-sample properties in all the cases.

4 Asymptotic Theory

To derive the asymptotic theory of new estimators, we introduce the following assumptions.

Assumption 1
R, (Xy)

\/ﬁ + nt7

where R,, = f{diag (T1my s Tqn) Such that R is a q X q nonsingular matriz, for each j, rj, =

Y,

Vn or rj,n/\/ﬁ — 0, 7, = minj<j<q7jn — 00, and f : R? — RP is a measurable function.
% Z]kf(X]) Djiof (X} is finite and positive definite, where £ (X;) = f(X;) — L3 (X)),

Jj=1

for n sufficiently large. Ui (>0, £(X,) £ (X,) /n) > 1/C for n sufficiently large.
t=1

Assumption 2 {(co, X}, m})'} is ii.d., such that E (eqt|X;) = 0,E (n,|Xy) = 0. Further,
E (HXtHQ) < C, sup, B (e%|X;) < C, sup, F (HntH2 ]Xt) <C,Var ((sm,n;)' ]Xt) = diag (97,0),
and Omin (O, ®5/n) > 1/C for n sufficiently large.

Assumption 1 is comparable to Assumption 2 in Hausman et al. (2012), allowing linear
combinations of B to have different degrees of identification. It is noted that the rates of decay
of the reduced form to zero are slower than 1/4/n, which has been labeled as nearly-weak
identification or semi-strong identification by previous studies. Here we adopt the “(many)
weak instruments” terminology, following Hansen et al. (2008), Newey and Windmeijer (2009),
and Hausman et al. (2012). Our framework accommodates IV regressions involving included
exogenous variables, see Hausman et al. (2012) for more details. Moreover, it is worthwhile
mentioning that f (X;) is an unknown function that we do not need to estimate.

Assumption 2 imposes some independence conditions and may be extended to weakly depen-
dent time series processes. Further, it requires bounded second conditional moments of distur-
bances and uniform nonsingularity of the variance of the reduced form disturbances, which are

comparable to those under Assumption 3 in Hausman et al. (2012).
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Theorem 4.1 establishes the consistency for WCIV and WCIVF.
Theorem 4.1 Under Assumptions 1-2, for E = BWC]V or BWCIVF, a = Qwery or AQwerve,
R/n (B_180> /Tn £>07

Proof. See the Appendix. =

To discuss the asymptotic normality, an additional assumption is required. Define

V(0)=V.(0)+Vy(0)—V5(0)—V5(0),

B (== BY0) (£ OK) — pae) (8 OK) = o) X0 = XF | X0 = X7
Va(8) = B —a—BY) | E((F(X) ~ pe) [[Xe = XF|) B ((F(X0) = pg) | X = X[ )

B (= = BY) (£ (X7) = pur) 1% = X7[]) B (£ (X0) = ) | X0 = X )
with pe = Ef (X,).

Assumption 3 sup, E (¢§,|X;) < C, sup, E (||77t||4 X:) <Cas., E 1X,||* < 00 and E ||f (X,)||* <

00. V (6y) is positive definite.
We state the asymptotic normality theorem.
Theorem 4.2 Under Assumptions 1-3, for 3 = BWCW or BWCWF,
R, (B-8,) % N(0,1'V ()T,
where
I = B ((£(X)) — pe) (£ (X7) = 1e) [ X0 = X))

Proof. See the Appendix. m
This theorem establishes that, when suitably normalized, the asymptotic distributions of
BWCW and BWCIVF converge to the standard normal distribution. It is noteworthy to empha-

size that V (6y) and IT enjoy analytical representations, but involve f (X;), which is unobservable.
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We have introduced €2 (9,5\> and Y (X) in the definition of the Wald statistic. In the subse-
quent theorem, we establish the consistency of € (9,5\) and T (X) to V (6y) and IT under a
proper normalization, and affirm the validity of the Wald test statistic for conducting parameter

inference concerning 3.

Theorem 4.3 Under Assumptions 1-3, if g (-) is continuously differentiable and G (8,) is of

full rank, under the null (5), considering (A,S\) = <éwc1v,5\WCW) or (@WCIVF,S\WCWF),

and

Proof. See the Appendix. =

This theorem demonstrates that under the null, W, (9,5\) has a convenient chi-squared
asymptotic distribution, despite the fact that the degree of identification remains unknown.
An important implication of the Wald test statistic property is that it enables large-sample
inference in the usual manner, even in the absence of knowledge regarding the degree of weak
identification. In particular, we can compute t-statistics by treating Bj as if it were normally

o roN= o s N a1
distributed, with a mean f3; and a variance (T ()\) Q (0,/\> T (A) ) /n, so that under the

JJ

-1 .

R R N a1
null, the t-statistic (5;‘ — Bw) /\/<T </\> Q (0,/\> Y (A) ) /n is asymptotically normal
JJj
distributed. Our Monte Carlo simulations further demonstrate that these t-statistics exhibit

excellent finite-sample properties across a wide range of scenarios, and in our application, we

o= o s N a1
report \/ (T ()\) Q <0,/\> T (A) ) /n as if they were conventional standard errors.
Jj

5 Discussion on Efficiency of WCIV and WCIVF

Estimation efficiency is a highly desirable property of an estimator. In the conventional asymp-

totic framework, the efficiency of IV estimators can be achieved by employing an increasing
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number of instruments. While some literature, such as Hahn (2002), Anderson et al. (2010),
and Kunitomo (2012), discusses estimation efficiency in the context of many instruments, these
theoretical results are limited in scope. In the many weak instruments asymptotics, an increasing
number of instruments is required to ensure estimation consistency. However, the ratio between
the number of IVs and the sample size does not necessarily align with the one required by an
efficient IV estimation. Additionally, the estimation efficiency of an IV estimator involves an
optimal weighting matrix, which is difficult to estimate accurately under many instruments and
heteroskedasticity of unknown form.

Regarding estimation methods using a continuum of moments, intuition suggests that WCIV
(WCIVF) is more efficient than WMD (WMDF) due to the specialty of the non-integrable
weighting function matching the most relevant moments automatically. It is admitted that the
theoretical validation is quite challenging in the case of weak IV and conditional heteroskedas-
ticity, so we focus on a limited but still relevant framework.

We set p < ¢ < 2, E(e2,|X;) = ¢% and first assume that Y, and X, are i.i.d. normally

distributed with covariance Yyx and Var (X;) = Yxx = ok1,. Define
Q(6) = 0, (6) + 2, (8) — 2 (6) — 0 (6) .
in which
Q(0) = E((—a-BY)" (Y =) (Y = ) |[Xe = XF| X0 = X))

Q200 = E [(yt — Q= ﬁlYt)z} b ((Yt — Hy) HXt - er”) B ((Yt —py) HXt - er”)

Q3 (9) = E <(?Jt - Q= ﬁlYt)Q (YZF - NY) HXt - X:H) E ((Yt - /J’Y)/ HXt - XfH) )

/
YT=-FE ((Yt — py) (Yt+ - NY) HXt - X:H) :
We demonstrate in the Appendix that under these regularity conditions, the asymptotic variance

of WCIV is
Y (00) Y = AREwery (q) - 02 (SyxSxkExy)

where AREwcryv (q), the asymptotic relative efficiency of WCIV with respect to 2SLS, is equal
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to AREwcv(l) = 3 = 1.047 and AREwc;v(2) ~ 1.035, independently of any other parameter
beyond ¢, and in particular of o%. This indicates that WCIV is only slightly less efficient than
2SLS in this set up and that the efficiency loss shrinks with gq.

In contrast, by evaluating appropriate versions of Y and €2 for a Gaussian kernel, the asymp-
totic relative efficiency of WMD with respect to 2SLS depends on ¢ and 0%, and satisfies
(1+20%)"

(1+02)*? (14 30%)*?
AREwwnp (2,0%) € (1, L.778),

€ (1, 1.540)

AREWMD (1, 0%() =

for ¢ = 1,2, where inefficiency increases with ¢ and the lower bound is only approached as
0% — 0. However, for usual values of 0%, WMD can be severely inefficient compared to 2SLS
or WCIV.

Further, we also show that WMD is uniformly less efficient than WCIV in the case of exponen-
tially distributed data for ¢ = 1, though now the differences can be smaller than in the Gaussian
case. These findings echo the specialties of the non-integrable weighting function employed in

the objective function of WCIV.

6 Monte Carlo Evidence

In this section, we evaluate the finite-sample performance of WCIV and WCIVF and compare
it with that of WMD, WMDF, and HFUL. Following Hausman et al. (2012), the instruments
used in HFUL are

/

(1,X;, (X2), (X3, (X4, X}dy, ...,X;dL,4) ,

where X} = (X{’,t, ey X[

q7t)l, in which r is a positive integer, d; € {0,1}, and Pr(d, = 1) = 1/2.

We consider L = 1, 4, or 9, that is, when L = 1, the instruments are (1,X})’; when L = 4,

(17 X;» (X%)/,(Xf)/ ’ (X;fl)/)/; when L =9,

(1, X}, (X3)", (X3)", (X}, Xidy, ..., X} ds)'.
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We denote these HFUL estimators as HFUL1, HFUL4, and HFUL9, respectively. The com-
parisons among these estimators are in terms of median biases, ranges between the 0.05 and
0.95 quantiles, and empirical rejection frequencies for t-statistics at the 5% nominal level. The

number of Monte Carlo simulations is 10, 000.

6.1 Setup 1

The models that we consider are

q
lc/q
My 2040+50Y;5+€0t, Y, = TZlXj,t‘i‘nta
J:

q
[c/q
M; 2y = ag + BoY: + e, Vi = n E 1:Xj2,t+77t7
j:

q
lc/q
M3:yt:a0+ﬁoyt+50t;n:1{ 721Xj,t+77t>0}7
j=

where 1 {-} denotes an indicator function. In M;, F (Y;|X;) is linear. In My and M3, E (Y;|X;)

is nonlinear. To mimic empirical situations, the elements of X; = (X4, ..., Xq,t), follow

X, = ot G 5y

7t \/§ )

where (egt, €14, ..., €q¢) ~ 1.4.d.N (0,I,41). By construction, the correlation coefficient between

7"'7Q7

X, and Xy, for j # k is 0.5 due to the presence of the common shocks e ;. €¢ is allowed to be

heteroskedastic as

1—p?

m (¢771,t + 0-867’]271‘/) 7771,t ~ N (O,Xit) 7772,t ~ N (0’ 0862) :

Eot = PNy +

where 7, , and 7, , are independent of 7,. Hausman et al. (2012) show that this design causes
LIML to be inconsistent when ¢ # 0. We set ¢ = 0, 0.5. We set ay = 3, = 0 without loss of
generality and consider a sample size of n = 250, ¢ = 10, and p = 0.6. Further, we consider
g = 3,10, 15 to mimic the application of the EIS estimation.

In Tables 1-3, we report the simulation results on (3, for WCIV, WCIVF(C = 1), WMD,
WMDF(C = 1), HFUL1(C = 1), HFUL4(C = 1) and HFUL9(C' = 1). The main features of the
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results are as follows:

1. For My, when ¢ = 3, HFUL1 has the best performance in terms of the range between
the 0.05 and 0.95 quantiles (DecR), while HFUL4 and HFUL9 are much more dispersed.
However, for ¢ = 10 and 15, WCIV and WCIVF outperform HFUL1, HFUL4, and HFUL9
regarding DecR when ¢ = 0 or 0.5. Additionally, WCIV and WCIVF are almost median
unbiased for all cases, whereas HFUL1, HFUL4, and HFUL9 show relatively large median
biases, consistent with the results of simulations in Hausman et al. (2012). With regard
to the empirical properties of the t-statistics, both WCIV and WCIVF produce accurate
empirical sizes, while HFUL1 is undersized and HFUL9 is oversized, especially for the high-
dimensional cases. WMD and WMDF exhibit comparable features to WCIV and WCIVF
in terms of median biases and empirical properties of the t-statistics but have substantially
larger DecR as expected. Furthermore, while both WCIVF and WCIV perform similarly,
WMDF outperforms WMD in terms of DecR but performs worse than WMD in terms of

median biases and properties of the t-statistics, particularly for the high-dimensional cases.

2. For My, HFUL1 is severely median biased and dispersed, while HFUL4 and HFUL9 are
much less biased and less dispersed, as the linear instruments employed in HFUL1 cannot
approximate the nonlinear reduced form sufficiently. However, both WCIV and WCIVF
are almost median unbiased, with the empirical rejection frequencies for the t-statistics
well controlled. In terms of DecR, WCIV and WCIVF outperform WMD and WMDF

substantially, and are better than HFULs except for HFUL4 in the case of ¢ = 3.

3. For M3, HFUL1, HFUL4, and HFUL9 are all heavily median biased, especially when
g = 3, while WCIV and WCIVF are almost median unbiased in all cases. So are WMD
and WMDEF when ¢ is small. When ¢ is large, however, it appears that WMDF worsens
in terms of median bias, whereas it is less dispersed than WMD. In terms of DecR, WCIV
and WCIVF outperform WMD and WMDF substantially in all cases, and are better than
HFULSs except for HFUL1 in the case of ¢ = 3.

In summary, we conclude that WCIV and WCIVF have exceptional finite-sample properties in

the context of Setup 1. They exhibit almost median unbiasedness in all cases, and their empirical
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WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
p=0 q=3

Med 0.0015 0.0016 0.0017  0.0047 0.0330 0.0339 0.0464

DecR 0.8347 0.8341 1.0607  1.0452 0.7504 0.8806 1.1013

Rej 0.0537  0.0537 0.0547  0.0554 0.0336 0.0510 0.0797
qg=10

Med 0.0016  0.0018 0.0015  0.0096 0.0111 0.0151 0.0209

DecR 0.4722 04717 0.7321  0.7052 0.4768 0.6338 0.9444

Rej 0.0513  0.0514 0.0458  0.0506 0.0114 0.0308 0.0740
qg=15

Med 0.0000  0.0003 -0.0004 0.0337 0.0084 0.0126 0.0293

DecR 0.3782  0.3780 0.7192  0.6159 0.3877 0.5617 0.9736

Rej 0.0472  0.0474 0.0507  0.0664 0.0040 0.0197 0.0741

»=0.5 q=3

Med -0.0031 -0.0030 -0.0061 -0.0034  0.0361 0.0400 0.0524

DecR 0.9336  0.9337 1.1291  1.1103 0.8453 0.9939 1.2257

Rej 0.0503  0.0503 0.0500  0.0509 0.0362 0.0574 0.0882
q=10

Med -0.0017 -0.0015 -0.0012  0.0070 0.0135 0.0172 0.0224

DecR 0.4993  0.4989 0.7219  0.6993 0.5141 0.6510 0.9754

Rej 0.0458  0.0458 0.0507  0.0538 0.0144 0.0337 0.0738
qg=15

Med 0.0002  0.0005 -0.0018 0.0317 0.0111 0.0141 0.0228

DecR 0.4054  0.4048 0.6831  0.5891 0.4186 0.5765 0.9542

Rej 0.0500  0.0500 0.0487  0.0632 0.0080 0.0285 0.0768

Table 1: Linear IV model My : yy = ag + BoY: + ot Vi = \/% 5‘:1 X+ n;. Median bias
(Med), the range between the 0.05 and 0.95 quantiles (DecR), and empirical rejection frequencies
for t-statistics at 5% nominal level (Rej) are reported.

rejection frequencies of the t-statistics are close to the nominal value. They are considerably less
dispersed than WMD and WMDF in all cases, whose variance increases with ¢ unlike WCIV
and WCIVF for M, and Mj as predicted by our theory. In comparison with HFUL, both
WCIV and WCIVF exhibit less dispersion in most cases, particularly for nonlinear reduced forms
and large values of ¢. Furthermore, HFUL is generally more biased than WCIV and WCIVF.
Additionally, the finite-sample properties of HFUL are significantly sensitive to the number of
selected instruments, particularly when the reduced forms are nonlinear. These findings illustrate
that HFUL may provide misleading estimates when the reduced forms are not well-approximated

using linear combinations of the selected instruments.
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WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
p=0 q=3

Med 0.0000 0.0009 -0.0020 0.0028 0.5617 0.0267 0.0272

DecR 1.0401 1.0326 1.2310  1.1989 1.5104 0.7683 0.9729

Rej 0.0398  0.0398 0.0512  0.0516 0.5472 0.0436 0.0701
qg=10

Med 0.0000  0.0029 0.0016  0.0163 0.4764 0.0137 0.0281

DecR 0.6050 0.5941 1.0552  0.9506 1.9397 0.6783 1.0975

Rej 0.0373  0.0382 0.0504  0.0558 0.5252 0.0256 0.0719
qg=15

Med -0.0009 0.0012 -0.0026  0.0576 0.4480 0.0142 0.0470

DecR 0.4831  0.4772 1.1197  0.7513 2.0637 0.6847 1.2875

Rej 0.0366  0.0379 0.0574  0.0808 0.5118 0.0260 0.0804

»=0.5 q=3

Med -0.0189 -0.0165 -0.0118 -0.0069 0.5668 0.0317 0.0379

DecR 1.1754  1.1458 1.2764  1.2380 1.5758 0.8506 1.0585

Rej 0.0359  0.0362 0.0474  0.0482 0.5313 0.0555 0.0808
q=10

Med -0.0092 -0.0059 -0.0107 0.0048 0.5072 0.0178 0.0310

DecR 0.6711 0.6615 1.0626  0.9508 1.9612 0.7379 1.1046

Rej 0.0351  0.0366 0.0466  0.0519 0.5471 0.0345 0.0757
qg=15

Med -0.0030 -0.0003 -0.0030  0.0590 0.4479 0.0168 0.0399

DecR 0.5380  0.5282 1.0702  0.7366 2.0453 0.7144 1.2552

Rej 0.0408  0.0415 0.0550  0.0780 0.5172 0.0302 0.0850

Table 2: Linear IV model My : vy, = ag + ByY: + ot Vi = \/% 5‘:1 Xﬁt + n,. Median bias
(Med), the range between the 0.05 and 0.95 quantiles (DecR), and empirical rejection frequencies
for t-statistics at 5% nominal level (Rej) are reported.

6.2 Setup 2

The alternative linear models, which are similar to Antoine and Lavergne (2014), are

My: e = a0+ BY + /0.5 4+ 05X 20, Yy = Y7 ZX]ﬁnm

My y = ao + BoYs + /05 1 0.5X2 200, Y; = V045 Zth+eXp(O5+05X1t)77ta
Mg :yp = a0 + BY: + 0.5+O.5X12,t60t,Yt:eXp< 0.45 Z >+nt'
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WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
p=0 q=3

Med -0.0062 -0.0057 0.0006  0.0091 0.0843 0.1167 0.1554

DecR 2.3123  2.3006 3.1884  3.0489 1.9550 2.5684 3.5802

Rej 0.0442  0.0442 0.0457  0.0465 0.0233 0.0478 0.0829
qg=10

Med -0.0095 -0.0090 -0.0046  0.0175 0.0369 0.0455 0.1031

DecR 1.2964 1.2948 2.3624  2.2003 1.3876 2.0770 3.4899

Rej 0.0419  0.0420 0.0462  0.0483 0.0094 0.0327 0.0726
qg=15

Med -0.0026 -0.0017 -0.0114 0.0759 0.0248 0.0412 0.1182

DecR 1.1017  1.1006 2.3307  1.8374 1.2120 1.9415 3.7257

Rej 0.0483  0.0487 0.0478  0.0606 0.0046 0.0309 0.0800

»=0.5 q=3

Med -0.0028 -0.0023 -0.0121  -0.0043 0.1153 0.1288 0.1585

DecR 2.5261  2.5255 3.3285  3.2036 2.1789 2.8813 3.8007

Rej 0.0417  0.0418 0.0441  0.0445 0.0302 0.0562 0.0855
q=10

Med -0.0011 -0.0005 0.0020  0.0231 0.0474 0.0617 0.0995

DecR 1.3954  1.3937 2.2599  2.1132 1.4886 2.1757 3.5166

Rej 0.0420  0.0420 0.0437  0.0465 0.0142 0.0402 0.0783
qg=15

Med -0.0055 -0.0049 -0.0116  0.0761 0.0298 0.0315 0.1004

DecR 1.1689  1.1680 2.3200 1.7693 1.3057 2.0461 3.8185

Rej 0.0459  0.0460 0.0471  0.0585 0.0075 0.0328 0.0806

Table 3: Linear IV model M5 : v = ag+ By Y +eot, Vi =1 { /g ya Xt +mn, > O} . Median

n 7=1 J
bias (Med), the range between the 0.05 and 0.95 quantiles (DecR), and the empirical rejection
frequencies for t-statistics at the 5% nominal level (Rej) are reported.

Note that heteroskedasticity in model disturbances is allowed for. In all models ¢, and 7, follow
. TR : Ll ,
a joint normal distribution with a covariance matrix - Xy = (X, ..., Xg) follows
p 1
the same setup as in Setup 1. The reduced form in M, is a linear model with homoskedastic

errors; the reduced form in Mj is a linear model with heteroskedastic errors; while the reduced
form in Mg is nonlinear. We set oy = S, = 0 again. In the simulations, we set ¢ =4, 8, p = 0.8,
and n = 250. Clearly, when ¢ = 4, the degree of weak identification is more severe. We consider
q = 4,8 and 16 to check the finite sample properties of estimators under different dimensions of
conditioning variables.

Tables 4-6 report the simulation results of 5, for WCIV, WCIVF(C = 1), WMD, WMDF(C =
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WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
c=4 q=14
Med -0.0101 -0.0098 -0.0238 -0.0186 0.0551 0.0629 0.0719
DecR 1.1091 1.1065 1.3296  1.2916 0.9853 1.1049 1.2708
Rej 0.0582  0.0584 0.0595  0.0608 0.066 0.0887 0.1168
qg=28
Med -0.0044 -0.0041 -0.0123  -0.0029 0.0312 0.0381 0.0501
DecR 0.7490  0.7479 0.9619  0.9230 0.7440 0.8893 1.1267
Rej 0.0506  0.0506 0.0548  0.0570 0.0446 0.0671 0.0958
qg=16
Med -0.0036 -0.0030 -0.0099 0.0718 0.0173 0.0236 0.0482
DecR 0.5232  0.5222 0.8615  0.5967 0.5459 0.6845 1.0630
Rej 0.0473  0.0475 0.0560  0.0913 0.0242 0.0484 0.0983
c=28 qg=4
Med -0.0048 -0.0047 -0.0121  -0.0099 0.0274 0.0306 0.0301
DecR 0.7233  0.7229 0.7913  0.7831 0.7120 0.7642 0.8497
Rej 0.0511  0.0513 0.0516  0.0525 0.0608 0.0693 0.0836
qg=238
Med -0.0023 -0.0022 -0.0068 -0.0020 0.0164 0.0203 0.0237
DecR 0.5104  0.5097 0.6007  0.5920 0.5195 0.5636 0.6661
Rej 0.0495  0.0496 0.0465 0.0479 0.0439 0.0538 0.0721
qg=16
Med -0.0019 -0.0017 -0.0058  0.0364 0.0080 0.0106 0.0202
DecR 0.3611 0.3610 0.5276  0.4518 0.3752 0.4241 0.5966
Rej 0.0511  0.0511 0.0460  0.0710 0.0244 0.0361 0.0732

Table 4: Linear TV model My : y, = ag + BoY; + /0.5 + 05X 2,20, Vi = R S X0 + 1,

7=1
Median bias (Med), the range between the 0.05 and 0.95 quantiles (DecR), and empirical rejection
frequencies for t-statistics at 5% nominal level (Rej) are reported.

1), HFUL1(C = 1), HFUL4(C = 1), and HFUL9(C = 1). The general conclusions are similar to
those presented in Setup 1. That is, WCIV and WCIVF have excellent finite sample properties,
outperforming other alternatives, especially when the ¢ values are large and the reduced forms
are nonlinear. On the other hand, when the weak identification is severe, HFUL has very poor

finite sample properties. Notably HFUL is heavily biased in the case of Mj.

7 Application to Estimating the EIS in Consumption

In this section, we use WCIV and WCIVF to estimate the EIS in consumption for macroeconomic

datasets from the U.S. The EIS in consumption, which measures how much consumers change
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WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
c=4 q=14
Med 0.0334 0.0343 0.0432 0.0518 0.1375 0.1841 0.2064
DecR 1.8895  1.7986 2.8125 1.7637 0.8177 1.1188 1.1978
Rej 0.0835  0.0836 0.1086  0.1119 0.1311 0.2218 0.2415
qg=28
Med 0.0054 0.0065 0.0262  0.0423 0.0781 0.1337 0.1765
DecR 1.0639  1.0260 2.1302  1.2105 0.7390 1.1126 1.2096
Rej 0.071 0.0711 0.1046  0.1107 0.0955 0.1938 0.2178
qg=16
Med -0.0008 0.0000 0.0393  0.1381 0.0366 0.0940 0.1624
DecR 0.6651  0.6531 2.3379  0.5004 0.6126 1.0625 1.1677
Rej 0.0656  0.0664 0.1198  0.1950 0.0723 0.1905 0.2161
c=28 qg=4
Med 0.0050  0.0053 0.0040  0.0095 0.0687 0.1023 0.1257
DecR 0.9909 0.9761 1.2214  1.0523 0.6650 1.0186 1.1128
Rej 0.0699  0.0700 0.0831  0.0850 0.0908 0.1689 0.1872
qg=238
Med -0.0006 0.0000 -0.0005 0.0093 0.0324 0.0547 0.0887
DecR 0.6195 0.6128 0.8948  0.7338 0.5392 0.7956 1.0709
Rej 0.0619  0.0620 0.0784  0.0819 0.0632 0.127 0.1671
qg=16
Med -0.0010 -0.0006 0.0013  0.0749 0.0140 0.0321 0.0799
DecR 0.4081  0.4058 0.8885  0.3698 0.4309 0.6528 0.9985
Rej 0.058 0.0587 0.0842  0.1386 0.0381 0.1140 0.1557

Table 5: Linear IV model M; : 3 = ag + BoY: + 1/0.5 4+ 0.5X7 eor, Vi = n—voi/f X+

7=1
exp(0.5+0.5X 4 )n,. Median bias (Med), the range between the 0.05 and 0.95 quantiles (DecR),
and the empirical rejection frequencies for t-statistics at the 5% nominal level (Rej) are reported.

their expected consumption growth rate in response to changes in the expected return on any
asset, is a parameter of central importance in macroeconomics and finance. For instance, King
and Rebelo (1990) demonstrates that the EIS is the key parameter in a simple neoclassical model
of endogenous growth, which involves taxation. In consumption-based asset pricing models, the
EIS determines the optimal consumption rule, as observed in Campbell and Viceira (1999).
Sequentially, the EIS is a key input parameter in many macroeconomic or financial model
calibrations. In recent years, the EIS has been set to be quite large in many cases, reflecting the
general view among macroeconomists today that a high EIS is more consistent with the stylized
facts of macroeconomic dynamics. For example, Bansal and Yaron (2004) choose an EIS value

as large as 1.5, while Barro (2009), Ai (2010), and Colacito and Croce (2011) set the EIS value to
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WCIV WCIVF WMD WMDF HFUL1 HFUL4 HFUL9
c=4 q=14
Med -0.0101 -0.0099 -0.0220 -0.0177 0.0533 0.0550 0.0641
DecR 1.0618 1.0613 1.2879  1.2584 0.9502 1.0748 1.2412
Rej 0.0556  0.0560 0.0597  0.0605 0.0668 0.0839 0.1093
qg=28
Med 0.0005 0.0009 -0.0039 0.0033 0.0331 0.0339 0.0380
DecR 0.7052  0.7036 0.9136  0.8756 0.7023 0.8054 1.0154
Rej 0.0541  0.0547 0.0586  0.0619 0.0455 0.0679 0.0915
qg=16
Med 0.0011 0.0016 -0.0035 0.0642 0.0168 0.0206 0.0352
DecR 0.4648  0.4646 0.7355  0.5478 0.4931 0.5847 0.8606
Rej 0.0488  0.0490 0.0555  0.0875 0.0231 0.0437 0.0872
c=28 qg=4
Med -0.0051 -0.0050 -0.0118 -0.0096 0.0247 0.0228 0.0239
DecR 0.6652  0.6651 0.7349  0.7287 0.6644 0.6928 0.7671
Rej 0.0474  0.0475 0.0495  0.0502 0.0610 0.0640 0.0787
qg=238
Med 0.0007  0.0008 -0.0015 0.0024 0.0155 0.0168 0.0164
DecR 0.4504  0.4502 0.5311  0.5229 0.4627 0.4816 0.5492
Rej 0.0531  0.0534 0.0495 0.0513 0.0495 0.0565 0.0696
qg=16
Med 0.0005  0.0007 -0.0014  0.0283 0.0070 0.0098 0.0135
DecR 0.2884  0.2883 0.4147  0.3678 0.3078 0.3228 0.4167
Rej 0.0503  0.0507 0.0485  0.068 0.0293 0.0349 0.0693

Table 6: Linear IV model Mg : y: = ag+ B,Y: +4/0.5 + O.5X127t60t, Y, = exp (n—”oi/f ?:1 Xj,t) +

n,. Median bias (Med), the range between the 0.05 and 0.95 quantiles (DecR), and the empirical
rejection frequencies for t-statistics at the 5% nominal level (Rej) are reported.

2. However, to date, empirical results based on macroeconomic datasets have provided limited

2 Early literature, such as Hansen and Singleton (1983), has suggested

support to this view.
EIS values as high as one. However Hall (1988) argues that they did not appropriately consider
the time-aggregation problem of the data, and the employed instruments were problematic.
When valid instruments are employed, Hall (1988) finds that the 2SLS estimates of the EIS for
the U.S. are unlikely to be much higher than 0.1 and may well be 0. Yogo (2004) points out

that these misleading results may be attributed to weak instruments. Yogo (2004) and Ascari

2At the micro data level, there is some evidence of a high EIS value. For example, Attanasio and Weber
(1993) find higher values for using disaggregated cohort-level consumption data; Vissing-Jorgensen (2002), using
household data, records a higher EIS value among asset market participants. However, these results do not
directly support the large EIS values observed in macro model calibrations because they are based on aggregate
macro data.
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et al. (2021) employ weak-instrument-robust inference procedures on macroeconomic datasets,
following Staiger and Stock (1997), Kleibergen (2002), Moreira (2003) and Kleibergen (2005);
however, they reach similar conclusions as in Hall (1988).

To derive the estimable log-linearized Euler equation, we consider a basic consumption-based
asset pricing model with the Epstein-Zin utility function. Let d be the subjective discount factor,
v be the coefficient of relative risk aversion, and 6 = (1 —~) /(1 — 1/%), where ¢ is the EIS
in consumption. Following Epstein and Zin (1989) and Epstein and Zin (1991), the objective
utility function is defined recursively by

) /9] 6/(1-7)

U= (1= 0 4 5 (BULT , (14)

where C} is consumption at time ¢; E; denotes conditional expectation E (:|F;), where F; is
the information set at time ¢. In the special case where v = 1/1, (14) reduces to the familiar
time-separable power utility model with period utility function U (C;) = c /(1 —==). The
representative household maximizes the objective function (14) subject to the intertemporal

budget constraint

Wit1 = 1+ Ry 1) (W — Cy), (15)

where Wy, is the household’s wealth and 1 + R, ;41 is the gross real return on the portfolio of
all invested wealth at ¢t + 1. Epstein and Zin (1991) show that equations (14) and (15) imply

the Euler equation of the form

G\ 1\
E ) _ 1+ R; =1 16
t (C) <1+ R) A+ Ry)| = 1. (16)

where 1+ R;;1; is the gross real return on asset j.

Let lowercase letters denote the logarithms of the corresponding uppercase variables (e.g.,
rit+1 = log (1 4+ R;:41)). By assuming that asset returns and consumption are homoskedastic

and jointly log normal conditional on F}, the Euler equation (16) can be linearized as
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E, <rj,t+1 -1 — %AcHl) =0, (17)
and
1 0
n; =1 — §Va'r (rjss1 — Eirjeen) + ECOU (1141 — Eyrjir, O — EyNeryq)
+ (1 —=0)Cov (rjrs1 — Eirjisr, Twir1 — Eiwir1)
with

0—1 0
ny = —logd + TVar (rwir1 — Eirwie1) — Q—WVCLT (Acii1 — EyAcgyq)

If asset returns and consumption are conditionally heteroskedastic, we can still obtain a similar
linearized Euler equation; however, ;41 —n; — iActH is now heteroskedastic; see Yogo (2004)
for a more detailed discussion.

For macroeconomic datasets from the U.S., researchers have commonly employed instru-
mental variable regression techniques to gauge the EIS. Typically, these methodologies require
selecting an IV set X, drawn from the elements within the information set. By invoking the

law of iterated expectations, the ensuing expressions
E [T‘j7t+1 — 7]] — 1/1/1Act+1|Xt] = 07 (18)

and its reverse form

E[Acii — aj — 91| Xe] = 0 (19)

can be derived. A majority of the empirical investigations, such as Hall (1988), Campbell (2003),
Yogo (2004), Beeler and Campbell (2012), and Ascari et al. (2021), has posited linear reduced

forms, thereby specifying the moment conditions as follows:

E [Xt (Tj,t+1 /) 1/¢A0t+1)] =0,

and

E [Xt (Act—i-l — 0y — ¢7”j,t+1)] =0.

It is worth noting that previous studies have employed the lag terms of asset returns, consumption
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growth, and other related macroeconomic variables as instruments. In particular, Yogo (2004)
incorporates the lag terms of the nominal asset return, inflation rate, consumption growth, and
log dividend-price ratio, while Campbell (2003) includes the lag terms of the real asset return,
real consumption growth, and log dividend-price ratio. Additionally, Beeler and Campbell (2012)
utilize the lag terms of the real interest rate, real stock return, real consumption growth, and
log dividend-price ratio. On the other hand, Ascari et al. (2021) consider the lag terms of the
real consumption growth and real asset return.

However, the linear reduced forms assumed by these studies may be debatable. Existing
empirical evidence suggests that linear serial dependence is not significantly present in asset
returns and consumption growth at macro level. Further, the weak instrument evidence, as indi-
cated by the relatively low first-stage F-statistic values reported in Yogo (2004) and Ascari et al.
(2021), might be attributed to the misspecification of the reduced forms. While aforementioned
empirical studies obtain small EIS results, Carrasco and Tchuente (2015) and Escanciano (2018)
obtain relatively larger EIS estimates by adopting nonlinear instruments in their methods. How-
ever, despite the magnitudes of these estimates, they fail to achieve statistical significance when
compared to zero. It is noteworthy that both aforementioned methods are not robust to weak
instruments and heteroskedasticity of unknown form. As such, it seems promising to apply the

methodology developed in this study to gauge the EIS in consumption.

7.1 The U.S. Quarterly Data in Ascari et al. (2021)

We first utilize the data set from Ascari et al. (2021) which includes the quarterly data on equity
markets and macroeconomic variables from Q4 1955 to Q1 2018. For the nominal interest rate
14, this analysis employs the three-month treasury bill rate; the nominal stock return s; is the
S&P 500 return. ¢ is the log of the real consumption of nondurables and services, following
Campbell and Mankiw (1989) and Yogo (2004). The inflation rate 7; is determined based on the
deflator that corresponds to the consumption of nondurables and services. Additional details
regarding the data sources and transformation techniques can be found in the supplementary

appendix of Ascari et al. (2021).
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As per Ascari et al. (2021), the ex-post real interest rate i; —m;,1 and the ex-post real stock re-
turn s, —7;41 are considered in the empirical analysis. The EIS is estimated using the real interest
rate as the asset return.® X, comprises the lag terms of the real interest rate, real stock return,
consumption growth, and the first difference of the log dividend-price ratio (Adp,). It is worth-
while mentioning that the first difference of the log dividend-price ratio is considered instead of
the log dividend-price ratio, due to its non-stationary nature.* Specifically, to estimate (18) and
(19), we use i; — T4, St — Ter1, Acy, and Adp, from the first lag up to the third lag. Thus they
are at least lagged twice to avoid the data aggregation issue described in Hall (1988). For com-
parison, the estimates obtained using alternative estimation procedures are also reported. For
HFUL, the instruments include constant and pairwise instruments (X;, (Xf)/ , Xidy, ..., Xid sz)/,
where d; € {0,1}, Pr(d; =1) = 1/2. We consider L = 1, 2 or 6, i.e, when L = 1, the instru-
ments are (1,X!)’; when L = 2, (1, X!, (X?)'); when L = 6, (1,X},(X?)",X}d,, ..., X}dy)". We
denote these HFUL estimates as HFUL1, HFUL2, and HFULG, respectively. We have to utilize
a smaller number of instruments to avoid singular matrix problems in HFUL. We set C' =1 for
WCIVF, WMDF, and HFUL.

Table 7 presents the estimation results for 1/¢) and . Notably, the WCIV and WCIVF
estimates of the EIS (¢)) appear to be large, and statistically significant at the 10% significant
level. These findings hold true over model transformation, with the inverse of the WCIV and
WCIVF estimates of 1/t aligning with those of 1. The WMD and WMDF estimates of the EIS
are comparable to those of WCIV and WCIVF in some cases, indicating the robustness of the
exploitation of the continuum of instruments. However, the WMD estimates are not statistically
significant at the 10% significant level, and the WMDF estimates of ¢ are generally much smaller
than the WCIV and WCIVF estimates. Furthermore, the WMD and WMDF estimates of v
frequently differ substantially. For example, for the first IV set, the WMD estimate of the EIS
is 1.19 and statistically insignificant at the 10% significant level, while the WMDF estimate is

0.77, and statistically significant at the 10% significant level. The HFUL estimates of the EIS are

3We did not consider the stock return as the asset return, since it is harder to predict, and the problem of
weak instruments is more severe, as demonstrated in previous empirical studies.

4The null hypothesis that the log price-dividend ratio is a unit root is not rejected by the Phillips-Perron test
at the 5% significant level.
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wWClvV. WCIVF WMD WMDF HFUL1 HFUL2 HFUL6 2SLS

lags 1

(0 1.03* 1.01% 1.19 0.77* 0.15 0.22** 0.19 0.14
(0.62) (0.60) (0.97) (0.45) (0.14) (0.11) (0.17)  (0.10)
/¢ 0.98 0.97 0.84 0.67 4.77 3.95 4.03 0.62*
(0.61) (0.61) (0.71) (0.51) (4.32) (2.05) (2.41)  (0.31)

lags 1 to 2
Y 1.15% 1.14% 1.27 0.90* 0.21 0.23 0.19 0.17*
(0.64) (0.63) (0.90) (0.49) (0.16) (0.16) (0.15)  (0.09)
/¢ 0.87 0.86* 0.78 0.68 3.94 3.65 3.28 0.50*
(0.50) (0.50) (0.58) (0.47) (3.00) (2.45) (1.67)  (0.23)

lags 1 to 3
Y 1.62* 1.60% 1.82 1.36™ 0.23 0.24 0.26 0.18*
(0.94) (0.92) (1.16) (0.67) (0.18) (0.21) (0.27)  (0.09)
/¢ 0.62* 0.61* 0.55* 0.52* 3.67 3.45 2.98 0.46*

(0.34)  (0.34)  (0.33)  (0.31) (2.81)  (2.95)  (2.55)  (0.22)

Table 7: The estimates of the EIS using real interest rate as the asset return. The quarterly data
range is from Q4 1955 to Q1 2018. The EIS is estimated from E [Aciq — o — ¥ryq|Xy] = 0.
The reciprocal of the EIS is estimated from E [ryq1 — p — 1/ Aci1|Xy] = 0. X, comprises lag
terms of the real interest rate, real stock return, consumption growth, and the first difference of
the log dividend-price ratio from the first lag up to the third lag. The values in the brackets are
the standard deviations of the corresponding estimates. * and *x represent the significance at
10% and 5% respectively.

generally greater than the 2SLS estimates, but much less than the WCIV and WCIVF estimates.

7.2 The U.S. Quarterly Data in Beeler and Campbell (2012)

To further check the robustness of the WCIV and WCIVF estimates of the EIS, an alternative
quarterly data set from Beeler and Campbell (2012) is considered. The data range is from Q2
1947 to Q4 2008. The stock market data are based on the monthly CRSP NYSE/AMEX Value-
weighted Indices. The real interest rates and real stock returns are ex-ante. See the appendix of
Beeler and Campbell (2012) for a detailed description of the data, sources, and transformation
used.

The EIS is estimated using the real interest rate as the asset return. Three sets of X, are
considered. The first set consists of the lag terms of the real interest rate, real stock return,
and consumption growth. The second set consists of the lag terms of the real interest rate,

consumption growth, and the first difference of the log price-dividend ratio. The third set
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WCIV WCIVF WMD WMDF HFUL1 HFUL2 HFUL6 2SLS

Set 1
WP 1.21** 1.19** 1.10* 0.83** 0.30** 0.29** 0.27** 0.29**
(0.61) (0.59) (0.59) (0.37) (0.13) (0.13) (0.14) (0.13)
1/¢ 0.83* 0.81* 0.91* 0.57* 2.90** 2.91* 2.97** 1.13***
(0.46)  (0.45)  (0.50)  (0.26)  (1.32)  (1.32)  (1.46)  (0.31)

Set 2
P 0.90** 0.87** 0.95* 0.34** 0.30** 0.29** 0.27* 0.29***
(0.36) (0.35) (0.48) (0.12) (0.13) (0.13) (0.15) (0.12)
1/1& 1.11* 1.02* 1.06* 0.19* 2.89** 2.90** 2.82%* 1.12%**
(0.65) (0.56) (0.63) (0.07) (1.31) (1.32) (1.32) (0.31)

Set 3
P 1.21* 1.19* 1.10* 0.84** 0.30** 0.30** 0.32** 0.29*
(0.61) (0.60) (0.60) (0.38) (0.13) (0.14) (0.14) (0.13)
/¢ 0.83" 0.81* 0.91* 0.59** 2.89** 2.86** 2,71 1.13***
(0.46)  (0.45)  (0.50)  (0.27)  (1.31)  (1.30)  (1.38)  (0.31)

Table 8: The estimates of the EIS using real interest rate as the asset return. The data range
is from Q2 1947 to Q4 2008. The EIS is estimated from E [Aciy1 — a — ¥rq]| Xy = 0. The
reciprocal of the EIS is estimated from E [ry 1 — p — 1/ Ac¢41|Xy] = 0. The first set consists of
the first lag terms of real interest rate, real stock return, and consumption growth. The second
set consists of the first lag terms of real interest rate, consumption growth, and the first difference
of the log price-dividend ratio. The third set consists of the first lag terms of real interest rate,
real stock return, consumption growth, and the first difference of the log price-dividend ratio.
The values in the brackets are the standard deviations of the corresponding estimates. * and *x
represent the significance at 10% and 5% respectively.

consists of the lag terms of the real interest rate, real stock return, consumption growth, and
the first difference of the log price-dividend ratio. We consider the first lag terms of X; in our
analysis. The empirical results are reported in Table 8. It is observed that the WCIV and
WCIVF estimates of the EIS are also quite large, although the data range, data structure, and
X, are different.

In summary, we obtain large WCIV and WCIVF estimates of the EIS in consumption, which
well exceed one, and are statistically significant from zero. Further, these findings are robust
to the distinct sets of X;, model transformations, data structures and ranges. These results are
strikingly different from those of HFUL and lend strong support to the practices of some model

calibrations, which choose substantially large values of the EIS.
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8 Conclusion

This study proposes two novel IV estimators, namely WCIV and WCIVF, utilizing a continuum
of instruments and a unique non-integrable weighting function in the minimum distance objective
functions of IV estimation. This study demonstrates that these estimators are consistent and
asymptotically normally distributed in the face of weak instruments and heteroskedasticity of
unknown form. Extensive Monte Carlo simulations reveal that they exhibit highly favorable
finite sample properties under various model setups. We apply WCIV and WCIVF to estimate
the EIS of consumption for macroeconomic datasets of the U.S. Our results show the WCIV
and WCIVF estimates well exceed one and are statistically significant, being strikingly different

from the results obtained using alternative approaches.

9 Appendix

Denote >, = > " >7i_,. Let w.p.a.1 denote with probability approaching one.

Lemma 9.1 For all X € R?

1 — cos (T, X)
/R — 4T = [ X,

[

where
rla+1)/2

Cq = Z77 o A
T T((g+1)/2)
in which T (r) = fooo tr=te=tdt,r # 0,—1,—2.... The integrals at 0 and oo are meant in the

principal value sense: lim._,q qu\{EBJrE where B is the unit ball centered at 0 and B€ is the

—1Be}7

complement of B.
Proof. See Székely and Rizzo (2005) for a proof. m
Proof of Lemma 3.1 . By Cauchy-Schwarz inequality,
MUt ) w (dr) = e = Ble) (exp (i (r, Xa)) = Bexp (i (T, Xo)))|[* w (dr)
<E[(e—E)’] B|X —X/|| < oc.
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Now

h(B. 7" = El(e: — E () exp (i (7, X)) E[(er — E (1)) exp (=i (7, X,))]

=—-F [(at — E(&)) (é‘j - F (5t)) (1 — exp (z <7', X, — Xj>))} )

Then by Fubini’s Theorem and Lemma 9.1, we obtain (8). =

Proof of Proposition 3.1 . We prove the case that ¢ = co with the understanding that the
inner product (-, -) and norm ||-|| are defined on R*. It is noted that the separable Hilbert space
H = (R*,(-,-)) is of strong negative type, therefore, by Theorem 3.16 and Proposition 3.1 in
Lyons (2013), there exists an embedding ¢ : R® — H such that || X — X*|| = ||¢ (X) — ¢ (X1)|*,
and oy (1) = [ ¢ (x) dp () is injective on the set of signed measures g on R* such that |u| has

a finite first moment i.e., [ ||z — ol d|u| (z) < oo, for some o € R*. Also note

Obj(B) = —E|[(es— E(e) (ef — E () |Xe — X/ ]

= —E[(e—E(e) (& — E(e) du (X0 X[)] |

where d,, (X;, X{) = || X = XF|| = Exy [| X = X[ || = Ex, [| X = X[ || + E[|X; = X{||. Then

by Proposition 3.5 in Lyons (2013),

Obj (B) = 2E (&= E(e) (e — E (1)) (0 (Xe) — g (1), & (X]) — s (1))]

= 2| B[(e — E (&) (¢ (Xe) — ap ())]|I* > 0.
On the other hand,
Obj (By) = —E [(eor — E (e0r)) (0, — E (e0r)) || Xe = X{F[|] = 0,
implying E [(o: — E (g0t)) (¢ (X¢) — o (1))] = 0, which can be further simplified as
Elead (X4)] = 0.
For any Borel set B C R*, define the signed measure

1(B) = E el (X1)].
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It is clear that |u (B)| has a finite first moment. Then we have

ag (1 (B)) = E o (X)) = 0.
Then this implies 1 (B) = 0 by the injectivity of oy (1), i.e.,
E [507513 (Xt)] = O

This implies that

Elew|X:] =0 as..

From another direction, clearly, E (go;|X;) = 0 a.s. implies E (g¢;) = 0 and E [eqscg, HXt - X/ m =
0, for a fixed gor g =00. m
The following Lemmas 9.2 to 9.6 further give some important results regarding integrals

involving the non-integrable weighting function, which are useful in the proof of consistency and

asymptotic normality of WCIV and WCIVEFE. Let

Z (1) = Weexp (i (1,X,)),

Zi (1) = (Wi — py)exp (i (1, X4))
where py, = E (W), Wt =W — fyy, oy = %Z?:l Wi.

Lemma 9.2 Let W, € R?, X, € RY. If (W], X)) is i.i.d., and E ||[W,||* < oo, E||X,||> < oo,
then

/R q % Y Zy(r)w(dr) B | E[Z(7) w(dr). (20)

R4
Proof. To prove (20), define the region D (§) = {7 :0 < ||7|| < 1/§} with 6 € (0,1). For any
fixed 6 € (0,1), w(7) is bounded on D (). Hence by weak law of large number (WLLN) and

the continuous mapping theorem it follows that

1 o 4 »
— Z; (T)w(dT El|Z,(T)|w(dT).
[ n o temstan) B [ Bz )

U D(é)

It is obvious that fD(é) Ly Z, (T)w (d7) converges in probability to fD(é) EZ,(T)]w(dT)

when 0 tends to zero.
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Now it remains to show that

1 e -~ 1 e -~
— Z; (T)w(dT) — — Z; (T)w(dT
/nz () w (dr) /DW; () w (d7)

For each ¢ € (0,1), by triangle inequality,

/R%ZZH / Zzt

lim lim sup = 0 in probability.

6—0 n—00

1 e -
B dr — Z,(T)w(dt
/|T||<5n ) ( ) /”T>1/5ntz:1: ( ) ( )
1_6X 7Xt w dT
= /T”d b (i (7. X,))] w (d)
1 e =
=D Wil —exp(i{r,Xy))|w (dT
i /-r>1/6n; [ p( < >)] ( )
= Anl"’AnQ.

By triangle inequality,

Wt 1—exp(i (T, X)) w(dr
1 /W[ p (i (7.X.))]w (d7)

/”<5 1 — exp (i {1, X))] w (d7)

1
— \%% 1 —exp(i(T, X)) w(dr
(n ) ZLM[ b (i (r, X)) ()

[1—exp (i (T, X)) w (dT)

[|[7||<é

HEWt /TM | — exp (i (7, X)) w (d7)])

Since E ([, [1 — exp (i (7, Xy))| w (dT)) = ¢,E || X¢]| < oo, then
lim E (/ (1 — exp (i (, Xt>)]w(d7-)) —0.
60 Irli<

By Cauchy-Schwarz inequality,

Hwt [ — exp (i {7, X)) w (d7)

[|7||<é

2) 1/2

< (E ||WtH2)1/2 <E HA.,.“«; [1—exp (i (T,Xy))] w (dT)
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Similarly, E | [, [1 — exp (i (7, X)) w (d7)|* = CE | X,||* < oo,

2
=0.

§—0

hnaz?\LALﬂ<5[1-—exp<i<r,><»>}u:<dr>

We have

lim lim sup A,; = 0 in probability.

6—0 n—00

Similarly, we have

lim lim sup A, = 0 in probability.

6—0 n—00

We conclude that (20) holds. m

In Lemma 9.3, the focus is on the process

——ZZt(T),TGRq.
\/ﬁt:1

It is convenient to establish the weak convergence of B, (7) in a Hilbert space. By this approach,
the i.i.d. conditions can be relaxed to a weakly stationary time series process conveniently.
Specifically, for a fixed 0, w (+) is integrable on D (§), therefore, denote v as the product measure
of w(-) on D (), i.e., dv(T) =w(d7) on D (6). Then we consider B, (7) as a random element
in the Hilbert space Ly (D (6),v) of all square-integrable ¢ dimensional functions (with respect

to the measure v) with the inner product

@g>®—L@ﬂﬂgwwwﬂ.

Ly (D (6),v) is endowed with the natural Borel o-field induced by the norm [[f|| ;5 = (£, f)l/2

If Z is a Ly (D (9),v)-valued random element and has a probability vz, we say Z has mean m
and F <<Z7h>H(6)> = (m, h) ;) for any h € Ly (D (), v). If E||Z||§{(5) < oo and Z has zero
mean, then the covariance operator of Z (or vz), Cz () say, is a continuous, linear, symmetric

positive definite operator from Ly (D (§),v) to La (D (9),v), defined by
Cz(h)=E [<z, h) 106 z} .

An operator s on a Hilbert space is called nuclear if it can be represented as s(h) = > 72 ; (h, f; ) b 5o

where {f;} is an orthonormal basis of the Hilbert space and {l;} is a real sequence, such that
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> ey |1l < co. Tt is easy to show, see, e.g., Bosq (2000), that the covariance operator Cgz(-) is a

nuclear operator, provided that EHZH%,((S) < 00.

Lemma 9.3 Let W, € R?, X, € R%. If (W), X!) is i.i.d., E(W,|X,) = py, and E |[W,|’
00, E||X¢||* < oo, then

By (1) = B, (1), (21)
where = denotes weak convergence in Ly (D (0),v), B, (-) denotes a zero-mean complex valued

Gaussian process with a covariance structure given by

Ap (T,6) = E[WiWiexp (i (T — ¢, Xy))] = E (W) E(W}) E [exp (i (T — 6, X4))]
+ [E(WW)) + E (W) E (W] E [exp (i (7, X4))] E [exp (=i (¢, Xy))]

— E[W W, exp (i (T,Xy))] E [exp (—i (s, Xy))] — E[W W, exp (—i (¢, X))] E [exp (i (T,
for T,¢ € D (0).

Proof. To prove (21), we show B,, (T) is tight by Theorem 2.1 in Politis and Romano (1994).
Firstly

= ——E[Z(r)] = 0.

N ] n—1

For a fixed §, by Cauchy-Schwarz inequality, the fact that ||exp (i (T, Xt>)||§{( 5 is bounded, and

2 2 2
la+bllge < 2lallye + 2(blle

E ( 7 (T)H;é)) <E (HWt

<CE Hwt—— Zwt

|lexp (i <7'7Xt>)||§{(5))

H(3)

Sow|

<2CE | [Willf +

H(3)

< CE|W,|J* < 0.
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For any integer K > 1, by WLLN, Zy (1), ..., Zx (T) 2 Zy (7), ..., Zg (7).

n—o0

lim F <Zl (1), 71 (T)>H(5)

= lim E(Z (1) — (B — pw) exp (i (7, X4)) , Zg (T) — (B — By ) exp (i <T7XK>)>H(5)

n—o0

= E{Zy (1), Zx (1)) sy — im E(Zy (1), (B = pow) exp ({7, X)) prs)

n—oo

= lim E(Z (1), (fr — p) exp (i (1. X1))) g5

+ lim B (A — pay) exp (0(7, Xa)) s (B — poy) exp (0T, X)) )

=0.
Since, for example,

£

= o E [Zl (7) (B — o) exp (—i (T, XK>)] w (dT)

—~

Z1 ()., (P — ) 5D (17, X)) )

n

(Wi gy xp (i (7. %0)) D7 (W, — ) exp (=i {, XK>>] w (dr)

t=1

E
(9)

I
m\m

_ 1 / B W1 — |2 exp (i (7. X — X))] w (d7)
D(6)

n

— 0, as n — oo.

Therefore
: 5 5 _ 2
i 30 (2u(r). Zuc(r)) = B (121 (D) <o
Further, for any h € H (§),
02 = Var ((Byn (1), 1) 5))
1 - X - .
= —Var <Z Z, (1) — (foyy — o) Zexp (i (T, Xy)) ,h>
n t—1 t=1 H(5)
— Var ((Z1 (1), h>H(6)) , as n — 0.
Then we conclude B, () is tight. Further, for any integer K > 1, B,,, (1), ..., Bpn (T k) are

asymptotically normally distributed by the central limit theorem (CLT) and Slutskey theorem.
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Then the weak convergence follows. Further

E [Bpn (1)Bg, (c)/] = (n ; 1) E[W,Wjexp (i (T —¢,X,))]

o 17— & X0)] (1B (WiW)) ~ E (W) E(W)))

2 (B W B (WD + P2 (WoWD ) B lexp (7, X)) Eexp (i (5.,

E[W Wi exp (i (1, Xy))] E [exp (=i (s, X))

)
_ <n ; 1>2 Elexp (i (7, X)) E [W,Wjexp (—i (s, Xy))] .
Then we have

Ap(7,6) = E[W Wiexp (i (T — 6, X4))] = E(Wy) E (W) E [exp (i (T — 6, X))
+ [E(WW)) + E(W,) E (W] E [exp (i (7, X4))] E'fexp (=i (¢, Xy))]

— E[W,Wiexp (i (7, X4))] E [exp (=i (¢, X4))] — E[W,Wjexp (=i (¢, X4))] E [exp (i (T, X4))]
forr,c e D(5). =

Lemma 9.4 Let W, € R?, X, € RY. If (W}, X}) is i.i.d., and E |[W||* < oo, E||X,||> < .

Then
5 1B (Zi ()P w (d7) = —E [(We — pyy) (W[ = ) [|Xe = X/ |]]
1 & ’ 1
/Rq . ;zt ()| wlir) =5 %jw;wk X, — Xl
Further,
1 -~
5 2 WIWL X, = Xl 5 E (W — ) (W — o) [ X = XS] (22)

7.k
If E(W,|Xy) = pyy, then
| s,
- > WiW X, — Xl = 0, (1). (23)

j?k

. 2
Proof. The analytical forms of [p, |E(Z(7))|*w (dT) and [, |[2 3" Z, (7')H w (dT) are

proved by repeatedly applying Lemma 9.1. The proof of (22) follows the proof of Theorem 3 in
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Shao and Zhang (2014). To prove (23), we need to show

[ 1By (I wir) S | B, ()] e (dr).

For a given 9, by Lemma 9.3 and the continuous mapping theorem, we have

Bpn‘r2wd7‘d B, (7)|°w (dT).
/D@n ()] <H/D(6)H ()] w (dr)

It is obvious that [}, [ By, (7)]]*w (dT) converges in distribution to [, | B, (7)||°w (d7) when
d tends to zero.

For a given ¢, following the proof of Theorem 4 in Shao and Zhang (2014), we have

lim lim sup E‘/ IB,n (T)HQW(CZT) =0,
60 n—00 Iml<é
limlim sup F ‘/ ||Bpn (T)||2W (dr)| = 0.
d—0 n—o00 |7||>1/8

Therefore

lim lim sup F =0.
6—0

n—oo

1By (7) w0 (d7) — /

R4 D

1By (7)]*w (dr)
©®)

Then by Markov’s inequality,

= 0 in probability.

lim lim sup
6—0 n—00

1By (7)*w (d) — /D@ By (7)]*w (d)

Ra

Finally, by Theorem 8.6.2 of Resnick (1999), we conclude that (23) holds m

Lemma 9.5 Let W, € R?, X, € RY. If (W}, X}) is i.i.d., and E ||[W,||* < oo, E||X,||> < oc.

Then
[ BB 2 e ) = B [ (W, ) (W ) e ],
/Rq % i Z, () (i Z; (T))/w (dr) = —% ZVVjW; 1X; — Xgl| -
Further, h B "
7 WL =Xl 5 8 (W = ) (WE =) X=X 2
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If E(W|X;) = py, then

[z (Z 2 <T>> w (dr) = 0, (1), (25)

Proof. The analytical forms are proved by repeatedly applying Lemma 9.1. The proof of (24)
is analogous to the one for proving (22) in Lemma 9.4. To prove (25), we need to show
1 n n /
/ =S "7 (1) (Z A (T>> w(dr) % | B, (r)B (1) w(dr).
L t=1 R4
Again, by Lemma 9.3 and the continuous mapping theorem, for a given § € (0, 1), we have
n /
/ Z 2,01 (S 2 (7)) widr) S [ B, () B (1) w (dr).
D(s) ™ t=1 D(5)

When j = k, from Lemma 9.4, we have

1
lim lim sup F / — w(dr) | =0,for j=1,....p,
I

6—0 n—00 rll<s T

t=1

1
lim lim sup F / — w(dr) | =0,for j =1,....p,
I

6—=0 n—00 rI>1/8 |

where th (1) is the jth element of VA (). For j,k = 1,....p, 7 # k, by Cauchy-Schwarz

inequality,

1 L n .

E/ ﬁZth(T)ZZkt(T)w dr
I7ll<d ™ =1 t=1
. ) 1/2 . ) 1/2
1 A 1 N

<B / LIS 24 (m)| w () / LIS 2 ()] w (dr)

Irl<s ™ |27 Irli<s ™ |27

) 1/2 ) 1/2

Z

=1

<lel [ izl ean)| |e([ 1

<o ™ |2 |rl<s T

So, by the dominated convergence theorem,

/| " Z (1Y 28, (7w (dr)

lim lim sup E
6—0 n—00

=0.
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Similarly we can obtain

n

1 .
/ ;Z it T)ZZM (T)w (dT
IrlI>1/6 7% =1 t=1

hm lim sup E
n—oo

)| = 0.

Then for 5,k =1,...;p,

n A 1 n . n .
hrn lim sup E / Z )Z Zg, (T)w (d1) — / — Z Zji (1) Z Ziy (T)w (d7)| = 0.
n—00 rRa T =1 D(s) T t=1 t=1
Then by Markov’s inequality, j,k =1,....,n
n A 1 n . n )
hm lim sup (/ Z )Z Zg, (T)w (d1) — / — Zjt (T) Z Zy (T)w (dT)> =0
n—00 Ra T =1 D(9) n t=1 t=1

in probability. Then by the continuous mapping theorem,

/
1 n R n R 1 n R
lim lim su / — Z, (T Z;(7t) | w(dr —/ Z; (T =0
o ([ 235 (S0 wior - [ 152000 (100wt
in probability. Finally, by Theorem 8.6.2 of Resnick (1999), we conclude that (25) holds. =
In the following Lemma, we give similar results without proving them.

Lemma 9.6 Let W, € R?, X, € RY. If (W, X}) is i.i.d., and E |[W||* < co, E||X,||> < oo,

E|f (X))|]> < oo. Let Fy (1) = (£(X,) — ) exp (i (7, X)) and Fy (1) = £(Xy) exp (i (7,X,)).

Then
/R B2 ()] E[F; ()] w (dr) = ~E [(Wo — ) (£ (X7) = o)’ [ X0 = X7 ]
/Rq 2 Z Z( )il:“? (1) w(dr) = —% ZVVjF(Xk)’ I1X; — Xl
Further, B B "
1 W O 1 = Xl 5 B [(W, = ) (¢ (X7) = s %= 7]

If E(Wy|Xy) = pyy, then

| 23z ) wn = 0,0). 20

The following lemma is Lemma A0 from Hansen et al. (2008).
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~ ]2 »
/(1+ H,@H ) = 0, then

R, (B—Bo) /Tn i

I (5 8) /.
1 Z?Zl €ot, under Assumptions 1-2,

Lemma 9.8 Let g[)j = &oj — o
nr2 280] ikEor = 0p (1),

7.k
1 1 Sy —
- > R'Y; DY R = — Zf Df (X3) + 0, (1).
Proof. Note E (¢¢|X;) =0, Dj;, = — || X; — X||, then by Lemma 9.4,

1 - -
E E 5Oijk50k = Op (1) .
j7k
Note 7, = mini<j<,7;, — 00, so we have

1 o 1
) > o DiEor = 20 (1) =0,(1).
n .,k n

As E(mX,) = 0, then 13, F(X,) Dudif, = O, (1), 15,7, D (Xa)' = Oy (1) by Lemma
9.6; %Z]k 7;D;r7, = Op (1) by Lemma 9.5. Further R;' = o, (1) by Assumption 1. So

1 - -

~ Y RIYDAYRY = Zf Duf (Xa) + Oy (1) 0, (1) + Oy (1) 0, (1) + Oy (1) 0, (1)

:—Zf Djiuf (X)) +0,(1).
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Lemma 9.9 If Assumptions 1-2 are satisfied, then for B = BWCI%

Proof. Following the same arguments as in the proof of Lemma A3 in Hausman et al. (2012),

w.p.a.l for all 3, we have
1/ = N /. =&
c<—(7-Y8) (y-¥8) <c(1+l8lP).

On the other hand,

oy (7= 98) (5= 98) = 11532 3~ %30) 2 3~ ¥19)
n "ok
_ # 3 ({{; (B, — B) + goj>' Dji (S?; (Bo — B) + 5‘0k>

gk

(R, (B, — B)) (Z Rnl?ijk?;Rn“> R, (B, — B)

J,k

nr2

2 ~ -
+ 7 Z €oj gk50k -+ (50 )/ W Z YijkE()k.

_]JC n ]7k

Note

1 - 1 Rnf(X)
— ZYijkc‘:”Oj - Z n ~ Djior + Z"?] ikEok-

Since F ((50t, n') |Xt) = 0, by Lemma 9.5, % ijk 1, Djréor = Oy (1), by Lemma 9.6, % ijk f (X;) Djkéor =
O, (1). Then we have

maz ZYk ix€oj = 0p (1)

By Lemma 9.8, 15 >k €0jDjkEor = 0, (1). By Assumption 1, w.p.a. 1,2 Dk f(X,) Dif (Xy)' >

C1,, we have, w.p.a.1,

—(5-%8)D(5-¥8) = (R, (8, B)) (% > Rnl?ij?;Rn“) R}, (By — B) + 0, (1)
n ],k

2
nr,

> C R, (8- B8y) [l
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Let ,

(58D (53
(7-v8) (7-¥8)

Then by Lemma 9.8, and 1 e D g5; = O, (1), we have

Q)=

1 ~
a2k f:‘oJDjkéTOk

12] 1 0]

Q8))] = 0, (27)

Since Byopy = argming Q (3), we have Q (BWCIV> < Q(B,). Therefore w.p.a.1

HRZ <BWCIV - 50) /Tn 2

:

0<

< 0Q (Bwer) < CQ(By) 50

ol
implying ) )
HR;L <BWCIV - ﬁo) /Tn

R 2
1+ HBWCIVH

Then by Lemma 9.7, we arrive at the conclusion. =

Lemma 9.10 If Assumptions 1-3 are satisfied, R/, (B — ,80> /Tn 50, then

(5-8) > (5 ¥5)
(5-8) (5-v9)

Proof. Firstly, by WLLN, we have

“(5-%B) (5-¥8) =0,(1).

L(S’_?B>,D<y_?ﬁ> :# (%—\?}B)lek (Qk-i@@)
nTr

~ (®, (8- B) /) (%%;ngjkm ) - 5)

1 N . _ - 2 ~ N
+ TL_T’% ]Zkg()ijkgOk + (’l”nR;I 1) R;l <,60 — ,8) /Tnn_T'?% jZijDjkEQk.

n

By Lemma 9.8, R/, (B —50) frn B0, IR = O (ry?), and =& 3., ViDjéo; = o, (1), we
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have
1/ e\ [ oo
~(7-YB) D (3 -¥B) =0, (r2).
Then by the continuous mapping theorem, the result follows. m

Proof of Theorem 4.1. Note firstly when R/, (B — ,30> /Tn 20, then by Upmin (R,R. /r?) >
Pnin (f{f{/> > 0, we have

IR:, (8- 80) /ra| = Ve (RuR /1)

3-8 =c|B-8.

implying B 2 By. Therefore, for WCIV, this follows from Lemma 9.9. For WCIVF, note that

firstly
-~ A , -~ ~ A
R <5’ - Yﬁwcm) D <y - YBWCIV) 9
Awery = . T . = 0p (Tn) :
(y - Yﬁwczv) (y - Yﬁwczv)
Then
5\WC]VF = 0p (7“,21) )
and

R, (BWCIVF - ﬂo) /Tn
~ ~ ~71-1 ~ A
=R, [Y' (D = Awerela) Y| ¥ (D = Awervel, ) &/,
-1
= R (259,008 - Swen s VY | R
n n — 5k Lk n WCIVF n

l o~ = 1 V'
x R;! (5 ZYijk&Jk - EAWOIVFY,EO) /Tn.

7,k
Since Y'Y =0, (n), Y'&,=0, (n), |[R;;'|| = O (r;"), therefore

R, S\WCIVF\?’?R;U =0 (r;")O(1/n)o, (r2) Oy (n) O (r;') =0, (1),

n n n

R;1%5\WCIVF?/50/7% =0 (r;l) O (1/n)o, (r?l) O, (n)O (7“7:1) =0, (1).

1 < I —F(X;) . _ I -
R,:l— ZYijkgOk/rn = — Z —ijkf‘:Ok/rn + R'rjl_ Z T’]'Djke()k/r”
n s n < NLD n <

=0, (1) +0,(1) =0, (1).
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Further, by Lemma 9.8, we have
. -1
R}, (/BWCIVF - 50) [Tn = (ﬁ Zf (X)) Dirf (X1)' + 0, (1)) op (1) =0, (1).
gk

Therefore, By oy r N B,- Finally, by the continuous mapping theorem, aw oy B o, weorve -
ap. N1

Proof of Theorem 4.2. For 3 = BWCIV or BWCIVF, A= Awerv or Awervr,
- ~ ~ ~7—1 ~ ~
R, (5 _ ﬁ0> - R, [Y’ (D _ )\In) Y] \'% (D _ )\In> g,

—1
le—< - o loo,o
- [R;l (— > YDy Y - —AY’Y) R;l’]
n n
j?k

since by CLT, \/iﬁ >80 = Oy (1), \/iﬁ > f(X,)20; = 0, (1), and r;,, = \/n or r;,,/\/n — 0

by Assumption 1. Therefore

—1
- 1 ~ ~ 1 ~ .
R, (5 - 30) = [RZI (ﬁ ZYijkY;€> RZ”] szlﬁ > YDjEr+ o0, (1)
7.k

j?k

By Lemmas 9.8 and 9.5,

1 - -
R! <H ZYijkY;) |2
i,k
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We have

where

Bln ZEOk eXp >) )

because, by Lemma 9.5, %Z]k 7;Djréor = Op (1), R, =0(1). By Lemma 9.4

By, (1) = By (1),

where Bj (-) denotes a zero-mean complex valued Gaussian process with a covariance structure

given by

AL (7,6) = E [eg exp (i (T — 6, X))] + E (e5,) E [exp (i (7, X)) E [exp (=i {5, X4))]

— E [egexp (i (1, X)) E [exp (=i (s, X4))] — E [eg exp (=i (s, Xe))] B fexp (i (1, X)),

for 7,6 € D (9).

For a fixed 9, by Slutsky theorem and the continuous mapping theorem,

F; (1) By, (1) w (dT d EF, (7)) By (7)) w(dT).
/WZ (H/D@“””()

o1



Then in the same spirit of proving Lemma 9.5, by Cauchy-Schwarz inequality

B[ AR B e
n 2 1/2 1/2
< B /HTM% >R ()| wan (/”T||<5131n<r>12w<d7>)/
<& /lni gﬁtm e : (E(/”T”<6|Bln(r)|2w(d7)))l/2.

Then by the dominated convergence theorem,

J RN
lim lim sup F / — Fy (T) B, (1)°w (d7)| = 0.
6—0 Nn—00 |rl<8 n ;
Similarly we can obtain
J R
lim lim sup F / — F, (7) By, (17)°w (dT)| = 0,
020 oo |Jrm1/8 ;

so we conclude that

A, S | E[F, (1) B (1) w(dr),

R4

where the integrated weighted Gaussian process follows a normal distribution with mean zero

and variance
Ve = [ [ R EIEF(-o) A 7.6 w dr)w (ds).
Re JRa
To derive the analytical form of V (), we plug A; (7,6)° into V (8y) and obtain

V= [ [ BF)EEF ()

) B[y exp (=i (7 — 6, X)] + B (c3,) B exp (=i (7, X))] E exp (i 5, X)) o (7)o (e
— B[ exp (—i {7, X)] Blexp (i {5, X0))] — E [£4, exp (i s, X)) B exp (=i (7, X,))]

= V1 (90) + V2 (00) - V3 (00) - V4 (00) .
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By Fubini’s Theorem and Lemma 9.1,

w (dT) w (ds)

Vitoo - [ [ | () 7m0 (6 (X57) ) (- <X++>)}

xe, exp (—i (T — ¢, X))

w (dT) w (ds)

:/ / 7 : gy (£ (X5) — pe) exp (i (7, X — X))

(€ (X)) exp (6 (5. X, — X))

:/ / E- 53t(f(Xz“)—y,f) (1—exp(i<‘r,Xt—X;L>))

X (E(XFT) = pae) (1= exp (i (5, X0 = X7T)))

_E Jro €60 (f (er) - ) [1 — exp (z <7- X, — X+>)] w (dT) ]
e (£0X) = )’ [ = 0 i 6. X = X)) w ()

= B [ (F (XE) = o) (F(X) = pur) X0 = X0 X0 = X7 ]

] w (dT) w (ds)

2 (8)) = / / — pag) exp (i {7, X)) B [(f (Xo) — pag) exp (=i (s, X)) w (A7) w (ds)
Ra JRa XE (e2,) E [exp (—i (T,X4))] E [exp (i (s, X4))]

~ £ () / BI(F(X) i) (1~ exp (i {7 X, ~ X7 )))] 0 (a7

(1 exp (i (5.XF — X,)))] w (de)

\

E(eOt)E«f(Xt) 1) | X — X)) B ((F (X)) — BE (X)) [| X = X)) -

5(00) = / / — pe) exp (i (7, X )] E[(f (Xy) — pe) exp (—i (s, Xy))] w (dT) w (ds)
Ra JRa X E [e3, exp (—i (T,X4))] E [exp (i (s, Xy))]

:/RqE[E(Q)t(f(XZF)—uf)(l—exp(i<‘r,Xt X)) w (dr)
< [ B0~ o) (1= exp (1. X7 = X)) ()

= B (5, (£ (X)) = me) || Xe = XF||) B (£ (Xe) — ) || Xe = X)) -
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— pg) exp (i (T, X)) E (£ (Xe) — pe) exp (=i {5, X))/
1(00) = / / w (dT)w
R TR E [e§, exp (i (s, X¢))] B [exp (—i (1, Xy))]
- / E(£(X0) — p1g) (1= exp (i (7, X, — X})))] w (dr)
Ra
x| B (23 (X)) — pae)' (1= exp (i (, X} = X,))) | w (ds)
- V3 (00)/
[
Proof of Theorem 4.3. For é = éWCIV or éWCIVF; S\ZS\WC[V or S\WCIVFa
. . 1 n n noo_
81 (8.4) = 7 033 Vi (8) 0 (3 )Dkz ( )
. n n n _ _ R 2
Z Z ZY Ykel (9) ]lel YjY;Q (0) Djl]kl
j=1 k=1 I=1 j=1 k=1 I=1
1. n n noo_ N2 1. n n noo_ N2
— ﬁ)\z Z ZY]'Y;EZ (0) Dk’ZI n—)\z Z ZY]'Y;EZ (0) Ik:lel
j=1 k=1 I=1 J=1 k=1 1=1
= Aln - A2n - A?m + A4n'
where Iy, denotes the (k,[)th element of L,.
-1 -1 él -1 Lty ! 2)> 1
"R AR = SR, >3 Y, Yl (0) D;R
A
o O, (1)
= OP (1) ’

since by Lemma 9.10, \/n = o, (r2/n) = o, (1), and

—R ZZYYZSZ<> DRV =0,(1).

=1 j5=1
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By similar arguments, we have nR,,'A3, R, " = 0, (1).

1. n .non. N2
nR,'ALR, Y = ﬁ)\ZRgl Z Z ZY]-Y;& <9> Tl R, Y

j=1 k=1 I=1
1 .2 1 " - -~ -1
= AR Y YV (6) Rr."
j=1
= 0p (1)
Now
n R 2R_1 noo_ 1 noo
-1 e A n - 'rp-—U
nRALRCY = ;(gl (9) 3 Y,D; \/ﬁ;YkRn Dk,>
R,' ¢ 1= R &
n Dy = -S> F(X,)D;+-—2=S "#7.D,;
NG £ it njzl i) i \/ﬁjzl i
= —E;[(£(X)) — pe) [1X5 = X[ + 0, (1),
since

RN
# Z"?‘Djlzop(l)a

n

%Z £(X;) Dj B —E; [(£(Xy) — pe) |1 X5 — Xil]

J=1

where E; denotes the expectation in terms of (Y, X;). Similarly,
I S~
NG > YR Dy = —Ep [(f(Xi) — pe) [ Xi = Xoll] + 0, (1)
k=1
So by the continuous mapping theorem, we conclude that
nR;lﬂl (é, 5\) R;ll £> V1 (90) .

Analogously we can show
nR;Lng (9, 5\) R;ll £> V2 (90) y
nR; €Y (é, X) RV 5V, ().

Then by the continuous mapping theorem,

nR; (é, 5\> RV 5V ().
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Next

—1~~ (3 —1 R;Ll Y -1/ R;1A~l~ -l
nR; T()\) R," = =% ¥;Du ViR, - —AVYR,
7.k
Since
RT_Ll Z?D ?/Rfll o H"—O (1)
n JHgk gty — P
7.k
MR- -
YYR, =0, (1) O/() 0, (1) O (ra) = 0, (1),
we have
AR ()\) RV AT
Therefore,

is a consistent variance estimator for (fi — 50)- On the other hand, by the first-order Taylor

expansion, under Hy,
g(8)=5B)+G(B) (B-5,)=G(B) (B-8).
where B is vector between B and 3,, B LN By- Then
S@ET0) aeN)T() 6 (3)
is a consistent variance estimator of g (B) Therefore

W, (9,&) K X

9.1 Discussion on the Efficiency of WCIV and WCIVF

We analyze the efficiency of WCIV and WCIVF for fixed ¢ = 1,2 in an i.i.d. setup under ho-

moskedasticity and two distributional assumptions on (Y, X) . The matrix Y of squared expected
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derivatives of the moment conditions corresponding to the objective function

1

5 [ I (8.7) w (o)
Ra

for
hn (/67 T) = % Z (gt - /Bl?t) exXp (2 <Ta Xt>) )
t=1

and y; = y; — ¥, evaluated at the true parameter value 3, can be represented as

v = [e[Zne.n] e[ gne. )| e
= [ BIY ) e X B gy e (i (7 X (),

where for Z; = (Y — py), X )

B | 55 (80 )] = ~EI(Ye ~ i) exp 6 (X =~ frea (M)

A=0

The asymptotic variance of the normalized score evaluated at the true value 3,

we [ 8{; w (Bos T) ha (Bg, =) w (d7) =4 n'/* Re / L% (Bo: )} i (Bo, =) w (dT),

18

/Rq/Rq [ h(Bo, T >} [g (Bo: = )}/ (7, A) w (dT) w (dX)

where we set

kE(r,A) = lim Enh, (By,T)h, (B, —A)]

n—oo

_ ple exp (i (T — X, Xy)) —exp (i (7, X)) — i (A, X{))
—€xp ( < X+> i (A Xt)) + ox (T) px (=)

and under homoskedasticity, 02 = E [e3,] = E [e3,| X4/,

exp (i (T — A, X)) — exp (i (7, Xy) — i (A, X))
—exp (i (7, X)) — i (A, Xp)) + ox (T) ox (=)
g [ox (T = A) — ox (T) px (= A)].

kE(t,\) = o’F

= 0
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9.1.1 Normal case with non-integrable kernel

Assuming Z; ~ N (ug, Yzz) for

0 Yvy 2vx
Mz = , Xgz =
Wy XXy XXX
we have
e ) e (i ux. ) = 5 (N7 S (X7 )
and
0
<0z (A T) = —YyxTwz (0,7) = —SyxTex (T).
oA =0
Then,

r - / SvxT T Exy ox (1) w (d7)
R4

= Yvx {/ 77 exp (—7' SxxT) w (dr)} Yxy
Ra

717 exp (— T 2xxT
= EYX / P ( q+1XX >dT EXY,
Rd cg |7

where the term in braces is bounded. Assuming homoskedastic and independent elements in X,

_ 2
EXX = O'XIq,

/ 77" exp (—7'XxxT) _/ 77 exp (—o%T'T)
R cq |7 R cg |7

When g = 1, for pyx = oyx/(0vox),
T = o2 /7'2 exp (—7'202 ) LdT
YX ® X) 2

_9 1/2
L Cr (o) ! /exp< ! ) N

- T
T (27 (02/2)) "2 2 (0x’/2)
o (052/2))"” 2 1
= J%{X( ( );/ )) = jEY;(X = ﬁp%(XU%(UX-
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When ¢ =2, fori =1, 2,

[ TeeCarn,, L[ desla <r§/jra>>dﬁm
R?2 Cq HT” C2 Jr2 T1+7'2)
27
= —hm/ / 52 cos? exp( UXS) sdsdf
262 r—00
2
_ 2 2
= @TIEEO/ / cos” (0) exp (—o%s*) dsdb

_ b (7)*? Jox = VT

2¢9 dox’

using

T1 = scos(f), T = ssin(0)
dTidT9 = sdsdf
2m 1
/ cos? () df = 5 sin () cos () |27 + 9|0 =
0

T

. 2 2 _ 1/2
rlg?o _Texp( o%s%) ds (m)"* Jox,

while, proceeding similarly,

/ T1T3€xp (—a§<7"7')d7_ I'(3/2) / T1T2exp (—o% (77 + T%))dﬁdm
R2 R2

e || /2 |72 + 73)*

2
= — hm/ / 5% cos (6) sin () Msdsd&

202 7—00 s3

= // cos (6) sin (0) exp (—o% s*) dsdb
202 —r

using

2m
/ cos (0) sin (0) df = %sin2 0) 2" =0,
0

so that when ¢ = 2

x_ V7

4_ZYXEXY-
ox

Next,

Q- / / Syx TN Sxy oy (7) ox (—A) k (A7) w (d7) w (dA) = 02 Syx ASxy
Re JRa
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TN ox (1) ox (=) [px (A = 7) —ox (A) ox (—T)] w (dT) w (dA)

TN [SOX (1) ox (=A) ox (A = T) — |ox (T) |2|90x (A) m w (dT)w (dA).

>
|

/ A Tox (M) ox (<A ox (A — ) — ox (7) Pliox (A) 2] drdA

g2 T272)\2

1 142
1 —3T20% — 3\%0
= / exp 207X —eXp( 0% — No3 ) drd\
R

2
2 T2TA _%(7__)\)20%(

2 2T\

= / ! exp( 0% — No? ) [exp (7'/\0%() — 1} drd\
R

2j-1
_ 2 2 (TATK)
= Z/RZ o exp (—7%0k — No¥k) @) - 1) drd\

= 42 —X (— / exp (——7’220§() TQJdT)

00 )2]+1 (2 3(2]) )2 1)
+1)
= 4 E 2] {2 2} J

27T
j=

_ 1§ L (@)L
(il (27 + 1)1\ 4! 3

=

so that

1 1
Q= gUEZYXEXY 30?,0%()(03(0%{

and the asymptotic variance of WCIV for ¢ =1 is

1 2
Toor - (ﬁpaxa%ax) 2ok
2 2
= T % 10422
3/0YX PYXUY

which is invariant to 0% and only marginally larger than the limiting optimal Gaussian-weighting

case and the IV case, 02/ (p%x0%) with AREwcry = 7/3 &~ 1.0472.
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When g = 2 or larger we have

T
B /R /R 2 [ A exp (—o% 71> = o% [IAl°) [exp (0% 7'A) — 1] drdA
q q q

where

o0 2 /'y \J o0
X [exp (6%7'A) — 1] =X Z —(UXT A) =77 AN Z —( LY

Jj=1 J! j=1 j!
and forg=2and j =1,2,...,
. j—1
(7',)‘)]_1 = (A + 7’2>\2 Z 7’1>\1 72)\2)] =t
=0
Jj—1 A .
= DU E ) O e
=0
Then
oo 25 j—l / 2 2
o . 77’ exp (—o% ||T o
A = Z_)u( (JKI)/ ( q)ilH ) (1) (r2)’ " ar
j=1 7" 4=0 Ra Cq ||
AN exp (—ag( ||/\||2) ' .
X (A1) (M) T dA
/Rq cq A1

0 25 J—1 / 2 2
o . 77 exp (—o% ||| L
= AT e A= [ T (0 o ar
N q

¢ i
cllm)*

where we evaluate the typical elements in the matrix A;,, diagonal and off-diagonal,

m2exp (—o% |77 :
diagonal: Qjg = / Texp ;(+|1| ) ()" ()t dr, € even
re T

T1T2 €XpP (_‘7§< ||7'||2)

1
eIl

off-diagonal: big = / (1) (o) dr, € odd.
RY
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Diagonal terms: £ even, ¢q=2,jodd, j=2i+1,i=0,1,2,...,and Z ~ N (0,1),

m2exp (—o% ||IT|? :
a0 = / exp ( f;’l' H)(ﬁ)’f(ﬁ)f—l—%
R |7
2 j+1 ‘
= —hm// ST exp ( UXS)COSQH(G)Sinj_l_e(e)sdsde
202 r—00

2m
= — lim sJ Yexp (—o%s )ds/ cos>™ (0) sin? 1= (9) df
0

202 r—oo J_.
1 , N 2
_ j—1 J 244 j—1-4
= % {E Vi 2G-1727X }/0 cos” " (0) sin (0) do

1 20\ VT 1y /27r 24 () i 2t
— 202{(2%!) 57X i cos” ™" (6) sin™ " (0) do

Off-diagonal terms: f odd, q=2,jodd, j=2i+1,i=0,1,2,...,

T1T2 €XP (—ag( HT”Q) ¢ j—1—2
bjaf = s} (7'1) (7'2) dr
Re ¢ |7l
2m j+1 .
— — lim / / i eXp X)) gttt (0) sin?~ () sdsdf
262 r—00

2w
= — lim sj Yexp (—o%s )ds/ cos' T (0) sin’ " (0) db
0

262 r—00 —r

1 2i)! [ :
= — ( Z> ﬁa;(l_Qz / cos' T () sin® ¢ (0) df
2¢y 241 ) 2 0

Then AJQ.JZ is diagonal with typical element equal to aiz or b?,z for ¢ even or odd, respectively, j

always odd.

Now, for m, n even,

2
T — D (m —1)N
/ sin” x cos" xdr = 2w (n = Dl (m —1)
0 (n+m)!!
with the double factorial evaluated using
a = 2k even: all = 2%k!
(2k)!

a = 2k—1 odd: all =

2kk1’
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so that, £ even, £ =0,2,...,2:

(24 0— 1)1 (2 — € — 1)l

2+ 20!
1 @240 2i—0 1
22049) (1 + £/2)1 (i — £/2) (1 + 1)

2
/ cos’ T (0)sin® ¢ (0)dd = 2r
0

= 27

and, Codd, £ =1,3,...,2i—1(j =2i+1),0:=2k—1,502i—0 =2 —2k+1=2(i—k+1)—1,

MG—L—1" 02—
Grol T2t 2!
1 (+1! (20 —£+1)! 1
TRED (1)) - (- D/2) i+ 1)

2m
/ cos' ™ (0)sind* (0)dh = 2m
0

Then, ¢y = 2,

1 20\ VT i o 1 2+0! 2i—0 1
ot 2_@{(2@') 9i 7X }2“22<1+z‘> 1+ 0/2)! (G —/2)! (1 +0)

ox T (20 1 (240! (2 —0)!
2 224 gl (14 i) (14 /2)! (i — €/2)!

so for ¢ = 2k even, j = 2i + 1 odd,

i1 i 071721'\/7—T
j—1 21
Z (ase = Z(%)agi—l—l,% :{ X4 1 gl 1+z } Zamﬂ 2k

h _ (20)! (2+ 2k)! (20 — 2k)!
(2k)!(2i—2k)!((1+k)! (i —k)! ) '

Q2i41,2k

Similarly,

1 (@O VT 1 1 @+ (2i—e+1) 1
b = 2_@{(2_2') o1 X }2”220'“) (C+0/2) (i — ((—1)/2) (i +1)

ox H m (20 1 C+0 (28 —0+1)!
2 2+ gl G+ 1) ((0+1)/2)! (i — (£ —1)/2)!

and for ¢ = 2k + 1 odd,

J—1 i—1 —1-2; 2 i—1
Z (j—l)bg _ bz 0x NZS Zﬁ '
¢ 7,0 2k+1 2i4+1,2k+1 — 4 92+4i Z' 1 + Z 2i+1,2k+1>
¢=0,0dd k=0 k=0
8 B (20)! 2(k+D)) (26— k)N
AL Ok (2% -2k - 1)\ (k1) (i—k)! )
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Then, j =2i+1,

- U%? — i—1\ 42
A = IQZT (]e )AM
j=1 <7 ¢=0
o 4i+2 i i—1
o
= I Z (QZXTl) {Z 2% a2z+1 ok T Z 2k+1 b§1+1 2k+1}
i=0 k=0 k=0
o ghit2 —1-2i |
_ 9x Ix VT (26)!
-l ; (20 +1)! { 4 22441 (1 4 4) } {ZO‘%“ 2+ Zﬂmﬂ 2k+1}

s 1 1
I 3 S P
=0

where we can approximate numerically the two infinite series as 1.0287 +5.8917 x 1073 = 1.0346
so that

Q=0 EYXAEXY ~ 1.0346 - (7 4 ZYXZXY

and with ¥ = 4 )_( Yyx2xy, the asymptotic variance of WCTV for ¢ = 2 is

YTIQY ! ~ 1.0346 - 020% (SyxExy)

which is proportional by a factor ARFEwcry = 1.0346 to the asymptotic variance of the 2SLS

estimate under homoskedasticity and iid-ness of X,

(EyxTxkExy) " SyxZxkE [£2XX] 23k Ixy (SvxZxkExy) | = 0%0% (SyxZxy) ",

implying an even smaller efficiency loss than in the ¢ = 1 case with respect to 2SLS. We conjecture
in the light of our numerical experiments that the small efficiency loss of WCIV shrinks as ¢

mcreases.
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9.1.2 Normal case with Gaussian Kernel

Forg=1

1 1
YT = o2 /7'26}( —7252 ex (——7'2) dr
YX Ra p( X) \/% p 2

_ 1 1
= oyx (1+20%) 2 NI / T2 exp (—57'2 (1+ 20%)) dr
(27r(1 +20%)" > Re
2 2
= 0%y (1420%) % = ply— XX

(14 20%)*
while for Z ~ N (0,1),

A = % T exp (—0% Ir|° — 0% ||/\||2) [exp (0% T'A) — 1]
]RQ

1
X exp (—5 (III* + |\/\||2)) drdX

= L TAexp (—1 (1 + 20?)() T - L (1 + 203() /\2) [exp (ag('r)\) — 1} drdX
21 S 2 2

= L e (L2} e - a2 il(ﬁ TA) drdA
27 Jge 2 X 2 X —~ ! X

1 S (J§()2j+l 1 2y 2 | 2\ 32 2j+2

= %jzom/wexp (—5 (1+20%) T —5(1—#20)())\)(7')\) drdX

= (1 +20§()_12m

=0

X /exp (—1 (1+20%) 7'2> T2
e
_ 1 2) 2\—1 - ( A2X)2j+1 1 ) 2 _2j_2E ZQj+2 2
- ) S B 2ty e
=0

2
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which, using that E [Z%12] = 277~ 12520 o

G+t
oo 2 2j+1 . 2
b S () e
= 1+20X (27 +1)! (7+1)!
0.2
- 1 2);2
= (1—1—20%) 2 o N
0.2
L— <1+2);§() )
ok

Then
2
o
Q =0 SyxAYxy = 02 pyx X0y N = N
(140%)2 (14 30%)2
so that
2 9 -2 2
- B 050 o
Y'Yt = P%{X% ol PYx X0y 5 2 = N
(1+20x) (1+‘7X)2(1+3‘7X>2
o (1+20%)°

bl

N

PYxOY (1+0%)? (1 +30%)

which is minimum as 0% — 0 achieving the usual IV asymptotic variance, and in general

1+ 20%)° 8
AREwyp = ( t ox) ;€ <1, —ﬂ) ~ (1, 1.5396),
(1+0%)2 (14 30%)? 9

which can be substantially larger than the efficiency of WCIV for ¢ = 1, 7/3 = 1.0472, except
for 0% < 0.26688. Otherwise, i.e., for larger 0%, including 0% = 1, Gaussian-kernel is (possibly
much) less efficient (under a Gaussian+homoskedasticity assumption) than the non-integrable

kernel.

For general ¢,

v _ / SyxTT Sxy oy (1) w (dr)
Ra
= Yvx {/ TT’exp(—T’ZXXT)w(dT)}ZXY
Ra

1
= EYX {(27‘(‘)‘1/2/ ‘T'T/ exp (—5 ||T||2 (1 + 20%()) d’T} EXY
Ra
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where for ¢ = 2 the integral is diagonal with typical element equal to

1 1.
oy /R2 T% exp <—§ IEal (1 + 20%)) dr

1 00 27 1
= g/o /0 5% exp (—532 (1+ 20%)) cos® 0sdf

A 1
= 5 i 5% exp (—552 (1 + 20%)) ds
= S (e (r2030™) " (1203 LB (12
23/2
N

— 2732712 (14 20%) 7

= (1+20%)7%,
or, alternatively, this is

1 2 L, 2 ) 1 / ( L 2 ) 2\ 2
— | T{ex —77(1+ 20 dr ex —75(1+ 20 dre = (1+ 20 .
5r / 1 6Xp ( 571 ( X) NG p 572 ( X) 2 ( X)

Next, for ¢ = 2,

1 1 1
where

e 2 Y J
X [exp (05T'A) — 1] = TXZ —(UX: )
: j!
7=1
Iy N T (T
= TTAX ZT
0 G2 (1)
— /AA/ O-X (T
i ; (2i + 1)

J=1

and for ¢ =2 and j = 1,2,... (only odd j contributes, j =2i+ 1,7 =0,1,...),

(AT = (md )T =) () () () T ) ()T

<.

o~
Il
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Then

00 O_QJ 7j—1
X 1\ 42
A = Z_l (J ) A
j=1 /=0
1 1 i1
A = 2_/ 77/ exp <—§ (1+20%) HTH2> (71)" (72) " drydr,
R2

where we evaluate the typical elements in the 2 X 2 matrix A;,, diagonal and off-diagonal,

1 1
diagonal: ajg = 2—/ 72 exp (—5 (14 20%) ||T||2) (1) (o) dridry, € even
T JRrR2

1 1 1
off-diagonal: bjg:= 5 | TiT2exp <—§ (14 20%) HTH2> (1) (mo) " drydry, € odd.
T JRrR2

Diagonal terms: £ even,q=2,jodd, j=2i+1,i=0,1,2,...,and Z ~ N (0,1),

1 1 o
ajo = — 2exp [ —= (1 +20§() ||7'||2 (Tl)e (12) ! ZdTlde
271— R2 2

1 1 1
= 2—/ %*e exp <—— (1 + 203() T%) dTl/ TS -1 gexp (—— (1 + 20%) T%) dts
T JRr 2 R 2

(142007 (14 23) ™ B2 B (2]

T e e i-1-n

= (1—|—2O'X) (21_’_@/2 1+€/2 )(2] 15/2 j—l_g)/2>
) sz (240)
= (1—|—20’X) (21_‘_@/2 1+£/2 ><21 4/2 1—6/2 )

Off-diagonal terms: ¢ odd, ¢q=2,jodd, j=2¢:+1,i=0,1,2,...,

1 < 1
bje = — | TiT2exp|—z
R2

[\

o (1+20%) HrHQ) (71)" (r2) " dridrs

1 1 ; 1
— —/ e exp (1+20%) 77 ) dr / i lexp [ —= (1+20%) 735 | dra
o Jo 2 . 2

14+20%) 7" (1+20%) % E[2") B [2]

(
B N (1 + f)! (] - E)!
= (1+20%) <2(1+4)/2((1 T g)/z)!) (Q(j—e)/2((j — E)/Z)!>
N (1+0)! (2i4+1-20)!

Then AJQJ is diagonal with typical element equal to aiz or b?,e for ¢ even or odd, respectively, j

always odd.
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Then, for ¢ = 2k even, 7 = 2i + 1 odd,

Jj—1 i '_ i
Z (]?1) a?,é = Z (22;) A9i1,2k = (1 + 203{)_21 ! Z O2i41,2k>
{=0,even k=0 k=0

B (2i)! (242k) \° [ (20 —2k)!\?
G2k T op)1(2i — 2k)! (21+k(1+k>!) (Qik(z'—k)!)

Similarly, for ¢ = 2k + 1 odd,

Jj—1 i—1 i—1
—1\ 1.2 2 —4
Z (J Y4 )bj,f = (2k+1)b21+1 2k+1 — (1 + 2O-X Z BZH—I 2k+1>
£=0,0dd k=0 k=0

; - (20)! (2+2k)! 22—%
2i+1,2k+1  — (2k+1)!(22’—2kz—1)! 2k+1 k:—l—l ! 9i— k: @_

Then,
00 O_Qj 7j—1
X —1\ 42
A = Z_l (JE )AJE
j=1 £=0
00 U§§+2 % i—1 )
= Iqu Z gk a2z+1 2k +Z 2k+1 b21+1 2k+1
i=0 " LEk=0 k=0
00 4i42 9 \—2i—
oy (1+20%)
= I, Z X @it 1; {Z 02i41,2k + Z 52z‘+1,2k+1}
i=0 :
LY TODTEES of
- Q2i+1,2k i
q (1+ 2@()4 o (20 + 1) 1 + QJX 2i+1,2k+1
2
o
= 1 X o2
7205 %)

where we can approximate numerically the two infinite series in AREy yp = 7, (0%) € (1, 1.778)
for given values of 0%, e.g. for 0% € {1/2,1,2} we have v, (0%) = {1.1378,1.2656, 1.417 2}
Then, for g = 2,
2 2 ok 2
Q= O'EEYXAEXY =9 (UX) WUEEYXEXY
so that with ¥ = (1 + 20%)72 YvyxXxy, the asymptotic variance of WCIV for ¢ = 2 is
Y QY ! =7, (0%) - 020% (EyxZxy) ' = AREwup - 00k (SyxExy)

so WMD can be very inefficient compared to 2SLS estimation if ¢% is not very small, where

69



the inefficiency can be larger the larger is q.

9.1.3 Exponential case with non-integrable kernel

1. We model the joint distribution of Y and X for ¢ = 1 with the Bivariate Exponential
distribution of Marshall and Olkin (1967), with joint moment generating function given

by, A = A1 + Ay + Ao,

A4+ 7) (A 4 Ai2) (A2 + Ai2) + pu7 A2
A+ pu+7) (A + A2+ p) (A2 + Az +7)

Y (p,7) =

so that the characteristic function is

()\—iﬂ—iT) (/\1+)\12> ()\2"‘)\12) —,U,T)\lg
)\—i/L—iT)()\l+>\12—iu)(>\2+)\12—i7)

Py x (p,7) = (

and if A\;3 =0, Y and X become independent with exponential marginals

()\ — ZT) ()\1 + )\12) ()\2 + )\12) _ )\2
—iT)()\1+)\12)()\2+>\12—i7) )\Q—iT

ox ()= (07) = 53 ~ Ep (%),

and in general the marginals are exponential

)\2 + )\12

=~ Ermp(A+Ap)~E 1.
)\2+)\12—iT xp( 2+ 12) xp(m2)

px (1) =9 (0,7) =

Since Y is centered, we focus on, m; = —+—
’ ’ A1+A12”

—iumy

0z (1, T) = Oy _my x (1, T) =0 (1, 7) e

Then,
8 . @ (/\ — Z,U, — ZT) (/\1 + /\12) ()\2 —f- )\12) — ,U,7'>\12 ) ., —ipmy
8u(pz (/JJ7T) - 8/L ((/\—ZLL—ZT) (/\1 +>\12 —Z,U,) (/\2+>\12 —iT) e (P(/L,T),
and
) (A4 Ar2) (A X0 — 07200 4+ iX A0 + 20T A0 + AT A1) (A2 + Ai2)
a_SDZ (,U,, T) = 2 . 2 ) —mmy X
H u=0 ()\1 + )\12) ()\ - ZT) ()\2 — T + )\12) <)\2 + /\12 - ZT)
(WA A = T) 4 (X + M) AT . (A2 + A2)
()\1 + /\12) (/\ - Z'T)2 ()\2 + /\12 - ZT) ! ()\2 + )\12 - ZT)
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so this is

7 (()\2)\2 + /\2)\12 - 7'2)\2> — my ()\2 -+ )\12) ()\1 + )\12) ()\ — iT)Q) —+ (2)\2 + )\12) )\T

()\1 -+ )\12) ()\ - ’iT)2 ()\2 -+ )\12 - ZT)

o )\127' {ZT — /\}
()\1 + /\12) ()\ — iT)Q ()\2 + /\12 — ZT)
= TTOYXN T OX (7)
and )
2 () = ir
o2 ol M) (A2 72) (g + Aw)® +72)

Then, for the non-integrable kernel we have,

Y

where

0yXx

We can set

T+ M2) o+ M)

/R{%%w,r)
/ 0

oz (m, )
A%Qm% /
T R ()\2 + 72) m;z
=y 1
T Jr (N +72) (my? + 72)
1
(1 + (Tm2)2)

} { %% (1, —7) } w (dr)

’ 1
—dr

T2

n=0

d
+72) T

dr

2 9
Py xTy A

p2 o2 021/
T e (L4 (r/A)

dr,

Mo = 0x

1 1
2 2
- d
PyxOyox /R 1+ (z/xm2)?) (L+a2)
2 ATy 2 2 A

2
OyOx~—"——7F = OyOx————
Pyx9y X/\m2+1 Pyx9y X)\+m2_1

-1
AL+ Ao+ Apo 2 2 my !
= 14 2
Mt 20+ 2)\12} Prxoyox |1y

2 2
Pyx0y0Xx {

>\12 )\12

= {T} mimg = {pyx}oxoy.

2 2
Y = pyxoyox - cx (P, ml,mQ)

-1 -1 -1
m m
,my, =91+ — =14+ 2 =14+ —2——(p+1
cx (p, my, mo) { h } { Mo p} { (ml_l +m2—1) (p )}
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Then, for comparison purposes we fix

A _
p:% and o =07 = (A + A\ip) > =m?

and keep free my = (\y + )\12)_1 =09 =0x.

For the variance term we obtain

0 . 1 0
B g5 Bom)| = —EUYi=m)exn X =~ peaur)
_ )\127' {ZT — )\}
()\1 + /\12) (/\ — iT)z ()\2 + /\12 — ZT)
o )\127— )\12 + )\2
()\2 + )\12) ()\1 + )\12) ()\ — 27') ()\2 + )\12 - ZT)
e 2y (7)
= 7 . T
A + Ai2) O + Aiz) (A — i) 7%
A
= Toyx o m_)gpx (1).
Then, under homoskedasticity,
e = [ s e (1o (i) lox (1 = 7) = i () o (=) (d) 0 (d)
UEU%X = . #<)\_Z.T)(>\+w)90x Px (—H) [Px (K ¥x (K) $x K
A A 9 9
_ _ —7) — d d
| et o () ex (o e (0= 7) = o (7) Pl () ) (d) ()
where for the univariate Exponential case,
A2+ Ao 2 (A2 + >\2)2
T)= ————, T = ,
@X( ) )\12+)\2—Z7— ‘SOX< >| ()\12+>\2)2+7_2
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so that €/ (020%y) is, m = 1/,

T A A 9 9
| et ex (e (7)o = ) = e ) Plex () F] e

B 1/ 1 A A
w2 Jpe (A —dT) (A i)

Az+d At Az + A (M2 + o)’ (M2 + o)’ p
. - . - 5 5 Tdp
)\124—)\24‘2”)\124‘)\2—ZT)\12+)\2—Z(,M—T) ()\12+)\2> —{—/L2 ()\12+)\2) + 72
111 1
w2 Jpe Tl —itm 1+ dum
{ 1 1 1 1 1 }
. : : — 3 5 | drdp
L+ipmal —itmol —i(pu—7)ma 14 (umg)” 1+ (7my)
1 1 14em 1—1ium
72 Jpe Tl + (Tm)* 1+ (um)?
L—dumg 14itmg 14i(u—7)my 1 1
2 2 7 2 5| drdp
L4 (umo)” 1+ (tm2)" 1+ ((p—71)ma)” 14 (uma)” 1+ (7o)
11 Ldirm 1—ipm (L—dpmg) (1+itms) (1+i(p—7)ms) — (1 + ((u—ﬂmQ)?)deu
2 Jez T L (rm)* 1+ (i) (14 (pm2)”) (1+ (7m2)”) (1 + (1 = 1) m2)’)
m3 / 1 1 ((m? — 2mmy) T + m72mg + muPma + 1) drdp
= _— T )
2 Jr2 1+ (tm)? 1+ (pm)® (1 + (uma)?) (1 + (ma)?) (14 ((u — 7) m2)?)

which can be evaluated numerically at different combinations of (m,m;, ms) or equivalently of
(A12, A1, Ag) , see Table 9.
Then we can evaluate the ARE of WCIV with respect to IV as

0.2

Y 'QY " = AREwerv———,
Pyx%y

using the numerical approximation of Q/ (020% ) = Q/{0?p? co%0%}, where the next table

shows that the WCIV can be more efficient than the IV estimate.
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1T 1 1 T 1 1 T 1 1 T 1 T 1
{ A2, Ar, Ao} et 1 1epat [ {eear [ {5311 [ {5:3:2)
A=m" L. 2 2 2 3
Py x = Aia/A 1/3 : 0 i g
o2 1 1 1 1 1
Ox = m2 (A2 + /\12)7 1 3 8 2 2
T/ {PYXUYUX} = m 3/5 8 14 7 11
Q/ {0203 0305} = =i 0.32571 | 0.33781 | 0.34581 | 0.31070 | 0.29606

Y X

AREwery 0.00475 | 0.86479 | 0.83677 | 0.95152 | 0.99509

Table 9: WCIV ARE for (Y, X) exponential under homoskedasticity, ¢ = 1. Non-integrable

kernel.

9.1.4 Exponential case with Gaussian Kernel

Now we have

Y

2 2
Pyx0x0

2 2

~1.2
PYXUX Oy

/Ra(r) 72\/%

oo

7_2

1
exp (—572) dr

1

QY/R (1+(7/A)?

) (1

+ (Tm2)2) NoT

2
p%/XO-XUYO-XZ/ -
r (1+(

x/Amy)?) (1 + 22?)

I2

while for the variance term we have

Q _/ A A [
Pory  Jw O i) (0t i)

z/Ama)?) (

where for the univariate Exponential case,

px (1) =

A2 +

A

)\12"‘)\2—@7',

ox (1) ox (—n) ox (1 —

lox (7)I° =
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{2, A do} {233 {221 {335 {231} {2 3.2}
Y/{p3oiox} 0.21248 0.18587 0.167 46 0.236 62 0.22998
Q/{02p} o305} | 44084 x 1072 | 3.2403 x 1072 | 2.5317 x 1072 | 5.6012 x 1072 | 5.2998 x 1072
AREw D 0.97644 0.93792 0.90280 1.0004 1.0020
AREwnpyworv 1.0792 1.0846 1.0789 1.0514 1.0069

Table 10: WM D ARE for (Y, X) exponential under homoskedasticity, ¢ = 1. Gaussian kernel.

Then we have that Q/ (020% ) = Q/ {0%p3 voto%k}is, m = 1/,

oA A px (—p) ox (1) ox (0 —7) AR RN
o mam ~lox (1) Plox (1) (gt o

_ A A L
B /R2 2w (A —iT) (A +ip) exp( 2 (7" + %)

A2+ At A2 + A Q) (M2 + Ao)”
M2+ X+ + A —iT Ag+ Ao — i (pu—1) (/\12—|—)\2)2—|—u2 ()\12+)\2)2+72
TH 1+2mm 1 —11um

w2 27 1+ (7m)* 1+ (pm)”
1—i 14 14 (u— — 1+ ((p— 2 1
< ( ZMmQ) ( ZT”;L?) ( ¢ (:u 27—) m2) ( ((:u ~ T) m2> ) exp <__ (7_2 4 N2)> de,u
(1+ (pm2)?) (L4 (7m2)”) (1 + (1 — 7) m2)”)
2/ (TN)Q 1 1
= My 2 2
R2 27 14 (tm)” 1+ (um)
2T+ mT*my — 2 + mutmy + 1 1
X (m”r gm' T mzumg e )2 p (—5 (* + ,lLQ)) drdpu
(1+ (pm2)”) (14 (tm2)”) (14 (1 — 7) m2)?)

drdu

_ m2/ (UL)Q 1 1
2Jrz 20 14 (rm)* 1+ (um)?
((m? — 2mms) T+ mimg (72 + p°) + 1) ox 1 -2 2 -
(1+ ) (1+ (rma)?) (1 + (= 7) ma) (=304 dra

which can be evaluated numerically for given values of {m,my, ma} or {A12, A1, Ao}, see Table
10.
Then, the asymptotic variance of W M D with respect to IV is obtained as

02

Y 'QY ' = AREwup———,
Pyx0y

and we can similarly obtain the ARFE with respect to WCITV. We find that WM D can be
sometimes more efficient than IV (when oy is large), but is uniformly less efficient than WCTV,

though the differences are smaller than for Gaussian data.
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WNIV WNIVF WMD WMDF HFUL1 HFUL4 HFUL9
=0 q=3
Med 0.0019 0.0021 0.0165 0.0201 0.0587 0.0823 0.1037
DecR 1.5514 1.5380 2.1156 2.0141 1.0070 1.3113 1.8193
Rej 0.0585 0.0586 0.0643 0.0653 0.0325 0.0644 0.1030
=10
Med  0.0232 0.0297 0.1845 0.2275 0.0800 0.1176 0.1901
DecR  2.0877 1.9185 6.7898 2.7965 1.2626 2.0299 2.7117
Rej 0.0700 0.0716 0.1027 0.1117 0.0397 0.0946 0.1297
qg=15
Med 0.0284 0.0403 0.3657 0.4755 0.0890 0.1471 0.2417
DecR  2.4397 2.0094 8.6042 1.1919 1.4153 2.3481 2.9748
Rej 0.0728 0.0751 0.1400 0.2336 0.0453 0.1134 0.1376
»=0.5 q=3
Med -0.0135 —-0.0132 —-0.0109 —0.0072  0.0712 0.0929 0.1233
DecR  1.6605 1.6436 2.1331 2.0507 1.0885 1.4635 1.9495
Rej 0.0468 0.0468 0.0554 0.0562 0.0308 0.0728 0.1111
q=10
Med  0.0040 0.0102 0.1709 0.2154 0.0812 0.1404 0.2036
DecR  2.1980 1.9844 7.2131 2.7872 1.2888 2.1450 2.7175
Rej 0.0583 0.0595 0.0996 0.1094 0.0407 0.1024 0.1346
=15
Med  0.0098 0.0223 0.3251 0.4676 0.0838 0.1558 0.2540
DecR 2.5774 2.1109 9.2929 1.1594 1.4222 2.3938 2.9931
Rej 0.0648 0.0676 0.1300 0.2188 0.0476 0.1243 0.1436

Table 11: Linear IV model M; : y; = oo + BoY: + o, Y2 = \/% gzl Xt +n;. Median bias
(Med), the range between the 0.05 and 0.95 quantiles (DecR), and empirical rejection frequencies
for t-statistics at 5% nominal level (Rej) are reported. Sample size is 500. The elements of X,
are pairwise independent.

9.2 More Monte Carlo Simulations

In this subsection, we report simulation results regarding M; considered in Section 6 to illustrate
the poor finite-sample properties of WMD and WMDF in the case that the elements of X, are
pairwise independent. The sample size now is 500. From Table 11, it is observed that the finite-
sample properties of WMD and WMDF deteriorate severely when ¢ increases, while WCIV and

WCIVF maintain excellent finite-sample properties in all the cases.
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